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Th e current global trend is the constant increase in requirements for energy 
effi  ciency and environmental friendliness of the used technologies.

Nowadays it is impossible to imagine the development of basic processes 
of these technologies and modern equipment that implements these processes 
without the use of mathematical and computer modeling.

Applied mathematics and computational methods play a very important role.
Among the methods of applied mathematics, special attention should 

be paid to the methods of solving boundary value problems for diff erential 
equations in partial derivatives, which model fi elds of diff erent physical natures 
(deformation, force, hydrodynamic, temperature, and others). Knowledge of 
the fi elds allows one to create highly effi  cient devices in various industries.

Th e problem of fi eld research is multi-component and therefore very 
complex. Th e physical and geometric parameters that are part of the sought 
solution algorithm must be taken into account when setting the problems of the 
fi eld calculation. Additional diffi  culties may arise due to the complexity of the 
laws of fi eld distribution, which in some cases have large gradient diff erences 
and peculiarities at the corner points of the borders and in multiconnected 
areas. Th e calculation of fi elds for such areas has signifi cant diffi  culties of 
algorithmic and computational nature. 

Th e development of many technologies and devices that implement them 
is based on the study of basic technological processes that are characterized by 
physical and mechanical fi elds of diff erent natures. Currently, due to the rapid 
progress of computer technology and soft ware, during the study of various 
processes in science-intensive areas, preference is given to mathematical 
modeling and computational experiment. However, for the results of modeling 
to correspond to the real process, correct mathematical models and eff ective 
methods of solving problems that are based on them are needed. Th ere is a 
need to solve boundary value problems of mathematical physics in the areas of 
complex shapes when calculating physical and mechanical fi elds in real technical 
devices. Adequate mathematical description of the shape of the problem 
solution domain is very important, especially in the vicinity of corner points. 
Th e implementation of this description is carried out in diff erent computational 
methods with diff erent degrees of effi  ciency.

PREFACE
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Variational methods of mathematical physics are an eff ective mathematical 
apparatus for solving boundary value problems for diff erential equations. Th ese 
include the least squares method, the Ritz method, the Bubnov—Galerkin 
method, and others. In these methods, the solution of the boundary value 
problem for diff erential equations is reduced to the minimization of a certain 
function. However, meeting the problem boundary conditions is oft en a serious 
challenge and is usually done by choosing coordinate functions.

To solve this problem, Academician of the NAS of Ukraine V.L. Rvachev 
developed a structural R-function method, which consists in constructing 
solution structures that transform functions from certain classes into functions 
that satisfy the boundary conditions of the problem.

Th is method allows us to take into account the shape of areas at the 
analytical level and to build complete coordinate sequences that satisfy the 
boundary conditions. Th us, geometric information about the area shape and 
boundary conditions are taken into account precisely, which removes certain 
problems that exist in other methods.

However, functions constructed using standard systems of R-operations are 
non-smooth at corner points of the area and may have a low approximation 
capacity in the vicinity of corner points, especially in the case of approximation 
of smooth functions. In addition, the peculiarity of the R-function method 
is that the structure of the boundary value problem solution based on this 
method transforms all the basic elements, which requires certain machine time 
consumption. Moreover, the more complex the domain of problem solving  is, 
the more complex the functions included in the basic  conversion operator are, 
which signifi cantly increases the calculation time.

As ensuring fast and accurate calculations is an extremely important 
problem, it is important to:

• develop structural methods to increase the approximation capacity of 
basic  functions in the vicinity of the corner points of the  boundary value 
problems solution domain;

• develop local structures that take into account the boundary conditions at 
the area border and docking with the standard basis within the area.

Th e development of structural methods based on the approaches listed above 
signifi cantly expands the possibilities of physical and mechanical processes modeling 
in the areas of complex shapes to create energy-effi  cient and environmentally 
friendly technological processes and devices that implement them. 
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1.1. R-function method

Th e R-function method (RFM) [41, 48] lies in the usage of 
functions that accurately satisfy the boundary conditions of 
the problem when constructing structures for solving vari-
ous boundary value problems of mathematical physics. Th e 
boundary value problem in general can be written as follows

   
   

, ,

,  1, , , 1, , ,
ji i

Au x f x x

L u x x i N j M

  


     

  
     (1.1)

where A   and iL  — some operators operating in the middle 
of the area    and in regions of its border j   respectively, 

( )f x  and ( )i x — known functions, ( )u x  — sought func-
tion, which can be a scalar, vector or tensor, 1 2( , ,..., )nx x x x .

Th e solution structure that takes into account the bound-
ary conditions of the problem (1.1) is the formula ( )u B   , 
if ( ) ( ),

ii iL B x    1,..., , 1,...,i N j M  , where  — ele-
ment of some functional set M, B  — some operator: B: MX(Ω),  
X(Ω) — functions set defi ned in the area Ω.

Historically, the fi rst boundary value problem structure 
is the Dirichlet problem, which is called the Kantorovich 
structure [19, 48].

Th is structure satisfi es this condition,

( ) ( )u x x                                (1.2)

and has the form ( ) ( ) ( ) ( )u x x x x    , where x = (x1, ... xn), 
ω(x): ω(x)=0, x δΩ, ω(x)>0, x Ω, ( )x   — indefi nite 
component of the structure, which is selected from the con-
dition of accurate or approximate satisfaction of the equation

( ) ( )Au x f x . Th e undefi ned component is usually present-
ed as a series

1
( ) ( )

k

i i
i

x c x


   , where {φi(x)} — a complete 
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system of basic  functions, {ci} — uncertain co-
effi  cients that have to be determined.

For convex polygons, LV. Kanto-
rovich proposed a method for the con-
struction of ( , )x y  function as follows:

1 1 1( , ) ( ) ... ( )m m mx y a x b y c a x b y c         , 
where 0,i i ia x b y c    i= 1, 2, ... m — equa-
tion of the polygon sides. Th e equations of 
some other areas were constructed similarly.  
Also, L.V.  Kantorovich proposed options of 
the ),( yx  function to describe the non-con-
vex area in the angular form, which is shown 
in Fig. 1.1. Th ese functions have the form:  

1( , ) ( )( )( )( )( )x y x y x y x p y q l x h y         ,
2 2

2( , ) ( )( )( )( )( )x y x y x x y y x p y q l x h y         .

Th e general ideology of construction of the ( )x   function for arbitrary 
areas was proposed by V.L. Rvachev [48] based on  Boolean algebra. R-opera-
tions are used for these purposes. Denote

 2

0, 0
( )

1, 0
t

S t
t


  
.                                                 (1.3)

Defi nition. Th e function 1( ,..., ) : m
mf x x E E   is called an R-function if such a 

Boolean function 1( ,..., )mF X X   exists that 2 1 2 1 2( ( ,..., )) ( ( ),..., ( ))m mS f x x F S x S x . 
If ( , )E      then R-functions can be called R-operations.
Since the system  , ,H X Y X Y X     is the most convenient and widely 

used complete system of  Boolean functions [41, 48], then in the R-function 
theory the R-operations that correspond to the said Boolean functions are the 
main ones.  

Th e most used in the literature is the R0 system of R-operations, which has 
the form: 

                        
   

2 2
0

2 2
0

,

.
- .

x y x y x y

x y x y x y
x x

     

     




 

   
                          (1.4)

In the general case, the inhomogeneous Dirichlet condition can be repre-
sented as follows:

                                  ( ) ( )
i iu x x   .                                      (1.5)

Fig. 1.1. Area in the angular form 
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1.2.  Analysis of some constructive means of R-function theory

For a boundary value problem with inhomogeneous Dirichlet conditions, 
the solution structure has the form 0( ) ( ) ( ) ( )u x x x x     , where φ0(x) — a 
function that satisfi es the inhomogeneous Dirichlet conditions 0( ) ( )

i ix x  
[41, 48]. Neumann’s condition is considered

 ( ) ( )u x x









.                                          (1.6)

For a boundary value problem with the Neumann condition, the solution 
structure has the form 1 1 1 2( ) ( ) ( )( ( ) ( ) ( ) ( ))u x x x D x x x x         , 
where ω(x) — normalized function that satisfi es the homogeneous Dirichlet 
condition, 1D  — operator: 1

f fD f
x x y y
   

 
   

  .

When in the boundary value problem derivatives of normal in diff erent 
regions of the border are given by some functions, the boundary conditions 
have the form:

                                ( ) ( )
i

i
u x x










.                                         (1.7)

In this case, the solution structure has the form 1( ) ( )u x x 
 1 1( ) ( )x D x    0 2( ) ( ) ( )x x x   , where 0( )x   satisfi es the conditions 

0( ) ( )
i

ix x


  .
When constructing structures of boundary value problem solutions, there 

are functions that turn into zero in some border regions of the boundary value 
problem solution, as well as on the borders of the entire solution domain [22, 
24, 41, 47, 48]. Such functions can be built in diff erent ways and also with the 
implication of R-functions [17, 19, 21, 25, 53, 56, 59]. Th e R-function method 
allows us to take into account additional information about the symmetry of the 
solution domain [39, 52]. Using this method, important practical problems of 
geometric design [39—41, 55], mechanics [50, 51], electrostatics [41, 48], elec-
trodynamics [48], hydrodynamics [64, 66—69], heat transfer [47], rods torsion 
[45, 63, 65], plate theory [48], elasticity and plasticity theory [48], etc. are solved.

1.2. Analysis of some constructive means 
of R-function theory

Th e Rα system is a more general R-operations system compared to the Rо system 
[41, 48], and it has the form:

    

 
 

2 2

2 2

1 2 ,
1

1 2 ,
1

,

a

a

x y x y x y xy
a

x y x y x y axy
a

x x

       
       
  



  where 1 ( , ) 1a x y   .    (1.8)
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When α =1, the R1 system of R-operations is obtained

 

 

1

1

1 ,
2
1 ,
2

x y x y x y

x y x y x y

x x

     

     
     

                                (1.9)

R-conjunctions and R-disjunctions from the system (1.8) at 1 ( , ) 1a x y     
belong to the class C   in all points of R2, e xcept for point (0,0), where they are 
continuous. R-conjunctions and R-disjunctions from the system (1.9) belong to 
the class C  in all points of R2, except for the line y x , where these functions 
are continuous. 

Th ere also is the 0
mR   system of R-operations [41, 57]

  

  

2 2 2 2 2
0

2 2 2 2 2
0

,

,

.

mm

mm

x y x y x y x y

x y x y x y x y

x x


     


      
    

                      (1.10)

R-conjunctions and R-disjunctions from the system (1.10) belong to the 
class  2mC R .

System 2 2 2

2 2 2

,

,

p p p
p

p p p
p

x y x y x y

x y x y x y
x x

     

     


 
 

                                (1.11)

is a system of R-operations PS [ 47, 48], in which R-conjunctions and R-dis-
junctions at point (0,0) are not diff erential. Th ese functions have the property 
of normalization to p order.

System m
CR  [41, 48] has the form:

1

1

( ) ( ) ,
2 2

( ) ( ) ,
2 2

.

m mm
m m

C

m mm
m m

C

x y x yx y sign x y sign x y

x y x yx y sign x y sign x y

x x





             
   

             
   

  

        (1.12)
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1.2.  Analysis of some constructive means of R-function theory

R-conjunctions and R-disjunctions from this system are polynomial splines of 
degree m , defect 1. Th is suggests that these functions belong to the class C m–1(R2).

Th ere also is the pR system of R-operations [41]:

2 2
2

2 2
2

( ),
8

( ),
8

.

SRx y x y x y SR SR

SRx y x y x y SR SR

x x










      




      


   

                    (1.13)

where 2 2 2SR x y    .
R-conjunctions and R-disjunctions from this system are not R-operations 

in the classical sense. Th ese functions are R-operations with rounding. Th ere 
are also R-operations with rounding, which are called S-functions [58—61] of 
1, 2, 3, and 4 classes.

Th e system of S-functions of the 1st class has the form: 
1 2 1 2

1 2 1 2

2 22
1 2

2 22
1 2

,

,

.

k kk

S

k kk

S

b e e e e

b e e e e

 

 

 

 

 

 

 

  

       

      

    

                       (1.14)

Th e system of S-functions of the 2nd class has the form: 
1 2

1 2

2 22
1 2

2 22
1 2

1 ,

1 ,

.

k kk

S

k kk

S

e e

e e

 

 

 

 

 

 

    

     

    

                              (1.15)

Th e system of S-functions of the 3rd class has the form: 
1 2 2 1 1 2

1 2 2 1 1 2

2 22
1 2

2 22
1 2

1 2 ,

1 2 ,

.

k kk

S

k kk

S

e e e e e

e e e e e

 

 

   

   

 

 

 



    

        

       

    

           (1.16)

Th e system of S-functions of the 4th class has the form: 

 
 

2 2 2 22
1 2 1 2 1 2 1 2 1 2

2 2 2 22
1 2 1 2 1 2 1 2 1 2

exp ,

exp ,

.

k k k kk
S

k k k kk
S

         

         

 

             

            
  

 

    (1.17)
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It is proved that the systems (1.14 — 1.17) are quite complete and the func-
tions of these systems belong to the class  2C R .

In the papers of O.M. Litvin [36—38] the system of R-operations of a class 
 1 2nC R   is considered. It has the form

1 1

1 1

,

,
.

n n n
n

n n n
n

x y x x y y x y

x y x x y y x y
x x

 

 

     

     


   
                             (1.18)

Th ese R-operations are piecewise polynomial splines of degree 1, nn  de-
fect 1 and are recurrent solutions of the Poisson equation system:

2

2

( , , 2) ( 3)( 2) ( , , ), ( , ) , 0,1...,
( , , 2) ( 3)( 2) ( , , ), 0,1...,( , ) ,
x y q q q x y q x y R q
x y q q q x y q qx y R

        
          

   (1.19)

where
2 2

2 2x y
 

  
 

 , 1( , , ) qx y q x y    , 1( , , ) qx y q x y   .

1.3. Normalization of R-operations

An important feature of R-operations is the preservation of normalization [41, 48].
Defi nition. Th e equation ( , ) 0x y    of border   and area    is normal-

ized up to m-th order when the following conditions are met:

( , ) ( , )( , ) 0, 1, 0, 2,3,..., .
k

k
x y x yx y k m
n n

 

 
   

 
  ,

where n   — normal vector to .
Th e property of normalization preservation means that if R-operations that 

preserve normalization are applied to normalized equations of border regions, 
the resulting equation will be normalized.

For all R-conjunctions ( , )r x y  , which preserve normalization, the follow-
ing conditions are met: 

( , ) ( 0) ( 0),1,

( , ) 1, ( 0) ( 0).

r x y x y
x

r x y
x yy





    
    

                              (1.20)
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For all R-disjunctions ( , )r x y , which preserve normalization, the following 
conditions are met: 

( , ) ( 0) ( 0),1,

( , ) 1, ( 0) ( 0).

r x y x y
x

r x y
x yy





    
    

                             (1.21)

Th e following systems of R-operations have the property of normalization:

 

 

1
2 2

0

2 2 2 1
0

2 2 2

2 2 2

1 ,
2,
1 ,, 2

. .

,

,
.

p

p p p
p

p p p
p

x y x y x y
x y x y x y

x y x y x yx y x y x y
x x x x

x y x y x y

x y x y x y
x x

                       
     

     

     


 

 

Functions from the R-operations system (1.11) have stronger conditions 
that ensure the normalization preservation up to 2 1p  -th order. Th ese condi-
tions have the form:

 

 

 

 

 

 

 

 22

22

2

2

1,1, ( 0) ( 0),

0,( 0) ( 0),0,

......

( 0) ( 0),0,

( 0) ( 0),1,

( 0) ( 0),0,

...

( 0) ( 0),0,

pp

pp

pp
pp

p

p
p

p

p
p

p

x yx y
x y xx

x yx y
x y

xx

xx y
x y

x
x y

x y
x

x y
x y

y

x y x y
y

   
    


   
   

 



  
   


     

     



     

 

 

 

 

1

2

2

( 0) ( 0),

( 0) ( 0),

0, ( 0) ( 0),

1, ( 0) ( 0),

( 0) ( 0),0,

...

( 0) ( 0).0,

p

p

p

p
p

p

x y

x y

y
x y

x
x y

x y
y

x y x y
y

x y x y
y
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All smooth systems of R-operations (1.10, 1.12, 1.18) do not have the 
property of normalization preservation. Functions that are constructed involv-
ing non-smooth R-operations may have peculiarities in the corner points of 
the area and have a low approximation capacity when approximating smooth 
functions [56].

Th e question is, are there smooth R-conjunctions and R-disjunctions that 
preserve normalization? In addition, it is important to study the behavior of 
smooth R-conjunctions and R-disjunctions in the vicinity of the point (0,0) and 
the behavior of smooth functions that acquire constant values   on non-smooth 
curves. Based on these studies, it will be possible to answer the question of the 
completeness of some structures when using smooth R-operations.

R-operations with pR   rounding are considered in more detail:

 

 

2 2
2

2 2
2

;
8

;
8

.

SRx y x y x y SR SR

SRx y x y x y SR SR

x x










      




      


   

                         (1.22)

Th ese functions coincide with the system of R-operations R0 for all 
2( , ) :x y x   

2 2y   .

In fact,      
2 2 2

2 2 2 2 2 2
2 28 8

x ySR SR SR x y x y
 

      


 
 

. When

2 2 2 0x y    , then  2 0
8
SR SR SR 


. Of course, this system is normalized

 outside the vicinity of point (0,0). Lines x  and y  connect in the vicinity of the 
point (0,0)   by at arc of the circle, which equation is normalized. For arbitrary 
functions, the connection will not be made along the circular  arc.

Th e diff erential properties of the given system (1.22) are considered in  the

example of a function  2 2
28

SRx y x y x y SR SR       
. 

Expression is written as 2 2 2SR x y    , then

 
   

2 2 2
2 2 2 2 2 2 2 2

28
x y

x y x y x y x y x y
 

          


 


 .

Th e following labeling is introduced ( , )f x y x y   . Th e following func-
tion is considered
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2 2 2 2 2 2
2

2 2 2
2 2 2 2 2 2 2 2

2

12 4 1 ( )( , ) 81
( )2

8

x x y x sign x yf x y
x x yx y x y x y

      
  

  
      


 


  



 

  

 

2 2 2 2 2 2
2

2 2 2
2 2 2 2 2 2 2 2

2

41
( )

8

xx x y x y

x yx y x y x y

     
 

 
      

 

  

 .

Th is function is continuous. Similarly, the function

      

 
  

   

2 2 2 2 2 2
2

2 2 2
2 2 2 2 2 2 2 2

2

2 2 2 2 2 2
2

2 2 2
2 2 2 2 2 2 2 2

2

12 4 1 ( )( , ) 81
( )2

8

41

8

y x y y sign x yf x y
y x yx y x y x y

yy x y x y

x y
x y x y x y

      
  

  
      

     
 

 
      


 


  



 



 



 

is continuous as well.
Th e second derivative of the function ( , )f x y  with respect to x has the form: 

      

 

  

 

2
2 2 2 2 2 2 2 2 2

2 2 2

2 2 2 2
2 2 2 2 2 2 2 2

2

2
2 2 2 2 2 2

2

3
2 2 2 2

2 2 2 2 2 2 2 2
2

11 1 ( )( , ) 4 2
( )

8

4 .
( )

8

xx y x y sign x yf x y
x x yx y x y x y

xx x y x y

x yx y x y x y

         
  

  
      

 
      

 
  

       
 


  

 
  



 


  


 

 
Th is function is discontinuous at points 2 2 2x y   . Similarly, the function

      

 

2
2 2 2 2 2 2 2 2 2

2 2 2

2 2 2 2
2 2 2 2 2 2 2 2

2

11 1 ( )( , ) 4 2
( )

8

yx y x y sign x yf x y
y x yx y x y x y
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2
2 2 2 2 2 2

2

3
2 2 2 2

2 2 2 2 2 2 2 2
2

4

( )
8

yy x y x y

x yx y x y x y

 
      

 
  

       
 

 


  


is also discontinuous at points 2 2 2x y   . Th us, system (1.22) is a system of R-
operations with class rounding  1 2C R .

Based on the above, it is very important to build R-operations with round-
ing of diff erent smoothness classes, which are not R-operations only in the vi-
cinity of the point(0,0) .

Th e problem with inhomogeneous Dirichlet boundary conditions is con-
sidered. Suppose that in some area    it is necessary to fi nd a solution to the 
boundary value problem

0

( , ) ( , ), ( , ) ,
( , ) ( , ).

Au x y f x y x y
u x y u x y



 
 

 

Th is problem for a linear operator A  can be reduced to a bound-
ary value problem with a homogeneous Dirichlet condition by replacing 

1 0( , ) ( , ) ( , )u x y u x y u x y    [19, 41, 48]

1 0

1

( , ) ( , ) ( , ), ( , ) ,
( , ) 0.

Au x y f x u Au x y x y
u x y



  
 

 

Th us, the initial boundary value problem will be reduced to the construc-
tion of the function 0( , )u x y , which takes the specifi ed values at the area border.

 Suppose that 1 2 ... n       , where i   — regions of the area border, 
which are described by the equation ( , ) 0i x y  . Th e area 2R   with 3n    is 
shown in Fig. 1.2.

It is necessary to construct a function that takes some values ( , )if x y   on 
the border fractions — curves i . Th e func-
tion that satisfi es these properties will be built 
using gluing formulas  [41, 48]

1
0

1

( , )
( , )( , )
1

( , )

n
i
k

i i
n

k
i i

f x y
x yu x y

x y













 .            (1.23)

It should be noted that when using func-
tion 0( , )u x y  as a component of the solution 
structure, it must belong to some class of 

Fig. 1.2. Area  , within which 
the functions ( , )if x y   are set
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smoothness. In the general case, the functions of the form (1.23) are not dif-
ferentiated at the corner points of the area.

Th us, there is a need to build smooth functions that take given values   at 
given borders. Such functions can be applied to diff erent solution structures 
[41, 48].

Th e problem of constructing a function that takes the given conditions in 
the border regions belongs to the problems of interlination [36, 41]. Interlina-
tion is an approximation of the functions of two variables using information 
about their traces and traces of their derivatives on a fi xed system of lines. Th e 
generalization of this theory to a higher dimension is called interfl etation. Th ese 
theories were developed in the papers of Professor O.M. Litvin [36—38]. Th e 
theory of interlination is used for many engineering problems, for example, 
modeling in computed tomography, cartography of the ocean fl oor according 
to sonar, construction of the surface of a space body according to radar on a 
system of lines, design of the bodies of cars, aircraft s, experiment planning, etc.

1.4. Computational scheme of R-function method

To solve the problems of mathematical physics by the R-function method, a 
general solution structure that satisfi es all or some boundary conditions is con-
structed [37, 43]. Th en, one of the methods of solution is used. Diff erent varia-
tional methods can be used here: the least squares method, the Ritz method, 
the Bubnov — Galerkin method, etc. Th e fi nite diff erence method, the fi nite 
element method, and other methods can be used as well [15, 26, 27, 37, 48, 73]. 
Th e construction of the solution structure is considered as  the simplest example 
of a homogeneous boundary value problem with the Dirichlet condition. Th e 
structure of the solution for this problem is written in the form ( ) ( ) ( )u x x x  , 
where ( ) : ( ) 0,x x x    :, ( ) 0,x x   ; ( )x  — indefi nite component

 of the structure that has the form, 
1

( ) ( )
k

i i
i

x c x


   ,  ic  — unknown coef-

fi cients,  ( )i x  — a  complete system of basic  functions, such as algebraic 
polynomials [3, 48], trigonometric polynomials [3, 14], splines [1, 28, 48, 73], 
Chebyshev polynomials [3, 14], atomic functions [49, 61] or others.

Algebraic polynomials of degrees not higher than n   in the two-dimen-

sional case are taken as an example. Th en ,
0 0

( , )
n i

i j j
i j

i j
x y a x y

 

  .

 Aft er applying the solution structure operator to the standard basis
 , 0,..., , 0,...,i j jx y i n j i   , a new basis for the homogeneous Dirichlet prob-

lem is obtained:  ( , ) , 0,..., , 0,...,i j jx y x y i n j i    .
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Th e function ( , )x y   is considered for some areas and built using the R-
operations system 0R .

For the fi rst example, a rectangular area (Fig. 1.3) with sides a   and b   is 
considered.

Th e function ( , )x y   of  this area is ( , ) ( ) ( )x y x a x y b y    

 
2 2 2 2( ) ( )x a x y b y    . Th e basis of a homogeneous boundary value prob-

lem for a given area has the form:

  2 2 2 2( ) ( ) ( ) ( ) , 0,..., , 0,...,i j jx a x y b y x a x y b y x y i n j i         . 
Th e area in the form of a corner is considered in the second example (Fig. 1.4).
Function ( , )x y   for this area: 

 
 

2 2 2 2
1 2 1 2

2
2 2 2 2

2 1 1 1

( , ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

x y x a x y b y x a x y b y

x a x y b y x a x y b y

        

        



 2
2 2 2 2

1 2 1 2( ) ( ) ( ) ( )x a x y b y x a x y b y        

 ... 

← ...

 
 2

2 2 2 2
2 1 2 1( ) ( ) ( ) ( ) .x a x y b y x a x y b y       

Th e basis of the homogeneous Dirichlet boundary value problem for this 
area has the form:

  2 2 2 2
1 2 1 2( ) ( ) ( ) ( )x a x y b y x a x y b y       

 2 2 2 2
2 1 2 1( ) ( ) ( ) ( )x a x y b y x a x y b y        

Fig. 1.3. Area (0, ) (0, )a b   Fig. 1.4. Corner area



1.4. Computational scheme of R-function method

  2
2 2 2 2

1 2 1 2( ) ( ) ( ) ( )x a x y b y x a x y b y        

 

... →

← ...
  2

2 2 2 2
2 1 2 1( ) ( ) ( ) ( ) ,

0,..., , 0,..., .

i j jx a x y b y x a x y b y x y

i n j i


            

 

R-operations were used in the second example, and 1 was used in the fi rst 
one. When using each subsequent R-operation, the function ( , )x y   increases 
several times. Th us, the function ( , )x y   increases by an exponential law and 
has a very complex view even for fairly simple areas. When applying variational 
methods, it is necessary to calculate the integrals of functions that depend on 
the basic elements of the system. Th e complexity of the function ( , )x y   in 
such calculations leads to a signifi cant increase in calculation time. Th us, an 
important problem is the development of local structures that take into account 
the boundary conditions at the borders of the area and the connection with the 
basic elements that have the simplest structure within the area.
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2.1. Corners rounding when describing 
areas with a non-smooth border 

Th e following system of R-operations is most oft en used when 
solving problems of calculation of physical and mechanical 
fi elds by the R-function method [41, 48]

2 2
0

2 2
0

,

,
.

x y x y x y

x y x y x y
x x

     

     


     

                   (2.1)

Functions 0x y , 0x y  belong to the class C  at all 
points R2 where they are continuous, except for point (0,0).

Th e diff erential properties of a system (2.1) are consi-
dered. Th e system is determined by the diff erential properties 
of the function 2 2

1( , )f x y x y  . Function 1( , )f x y  de-
scribes half of the cone and is undiff erentiated at point (0,0).
 Function 2 2

2( , )f x y x y    , where    is some positive 
constant, is introduced. Th is function describes the 
hyperboloid of rotation and is a function of class  2Ñ R , 
moreover 2 10

( , ) ( , )f x y f x y

 .

Th e functions 2 2( , , )f x y x y x y        are 
considered. Th ese functions belong to the class  2C R , 
moreover

0
0

0
0

( , , ) ,

( , , ) .

f x y x y

f x y x y









 

















Suppose that   is some positive function. For the
functions 2 2( , , ( , )) ( , )f x y x y x y x y x y        to 



28

Chapter 2. NEW CONSTRUCTIVE METHODS OF DESCRIPTION OF AREAS OF COMPLEX SHAPE 

coincide with the functions 0x y  and 0x y  everywhere, in particular in the 
vicinity of point (0,0), it is necessary for the function ( , )x y  to be equal to zero 
everywhere except the vicinity of point (0,0), i.e. to be fi nite. In addition, the 
function ( , )x y  must belong to some class of smoothness.

Th en the system of R-operations with rounding 0R  will have the form:

2 2
0

2 2
0

( , ),

( , ),
.

x y x y x y x y

x y x y x y x y
x x

      
      

 








 

                       (2.2)

Th e function ( , )x y  can be diverse, for example
12 2

2 2 2

2 2 2

1 , ,
( , )

0, ,

k

k

x yb x y a
x y a a

x y a



                     
 

              (2.3)

2 2

2 2 2 2 2 2

2 2 2

, ,( , )
0, ,

x y
x y abe x y ax y

x y a




 




   
  

                        (2.4)

where α and b  — rounding parameters: α — half the diameter of the carrier, 
b  — maximum value of functions ( , )k x y  and  ( , )x y .

Th e choice of rounding parameter is considered on the example of a rounded 
R-conjunction. Fig. 2.1 shows a graph of the zero line of the R-conjunction level 
with rounding. In Fig. 2.1. quantities 1d  and 2d  are set as rounding parameters. 
Th e values of the parameters α and b  for functions (2.3) and (2.4) at given 

values  1d  and 2d  are determined. Obviously 
1a d . Th e value of the parameter b  is found.

Th e coordinates of the intersection of 
the zero line of the R-conjunction level with 
rounding and line y x  are determined as

22 2 ( , ) 0x x x x   , 
22 ( , )x x x .                    (2.5)

A point ( , )x x   will be the coordinate of 
the intersection zero line of the R-conjunction 
level with rounding and line y x  at x*, which 
satisfi es the equation (2.5).

Fig. 2.1. Graph of the zero line 
of the R-conjunction level with 
rounding
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On the other hand, 2

2
dx  . Substituting this value in equation (2.5), we 

obtain
2 2 2
2 ,

2 2
d dd   

  
 

.

Th is equation is considered for the  function ( , )k x y
12 2

2 2 2
2 2 1

1 1

1 ,
2 2

k

d dd b d d
d d


    
               

.

Th en,
12

2 1
2 2 12 2

1 2

,
k

db d d d
d d


 

   
. Th e equation 2 2 2

2 ,
2 2

d dd   
  

 
 is

 considered for the function ( , )x y  
2

2
2 2

2 12
2 2 1,

d
d dd be d d  . Th en,

 

2
2

2 2
1 22

2 ,
d

d db d e   
2 1d d .

Assertion 2.1. 
It is needed to prove that  function  2( , ) k

k x y C R  .
Proof.

Function  

12 2

2 2 2

1 ,
( , )

0,

k

k

x yb
x y a a

x y a



                   
 

x2 + y2 < a2 belongs to the 

class C at all points of 2R , except points   2 2 2( , ) :x y x y a  . Since 
2 2 2( , ) 0,k x y x y a    , then all partial derivatives of any order of the function 

( , )k x y  at approximation 2 2 2 0x y a    are equal to zero. Th erefore, for 
functions,  2( , ) k

k x y C R   it is suffi  cient to prove that all partial derivatives 
of the k-th order of the function ( , )k x y  at approximation 2 2 2 0x y a    are 
equal to zero.

Th e proof is performed by the mathematical induction method. Th is 
statement is proved when k=1. We have

22 2
2 2 2

1( , ) 1 ,x yx y b x y a
a a


                 

,

2 2 2

2 2
1

0

( , ) 2lim 2 1 0
x y a

x y x y xb
x a a a


  

                        
,

2 2 2

2 2
1

0

( , ) 2lim 2 1 0
x y a

x y x y yb
y a a a


  

                        
.
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It is assumed that this statement is realized for k-1, i.e.
 

1( , ) 0,
i

k
j i j

x y
x y







 


 
1,i k j i   . We have

2 2
2 2 2

1( , ) ( , ) 1 ,k k
x yx y x y x y a
a a

  

                 
,

 
1

2 2 21 1
2 1

2 1 2
1 1 1

2 1 2

( , ) ( , ) ( , )1 2( )

( , ) ( , ) ( , )( )( 1) 2 ( 1) ,

i i i
k k k
j i j j i j j i j

i i i
k k k

j i j j i j j i j

x y x y x ya x y i j y
x y a x y x y

x y x y x yi j i j jx j j
x y x y x y

  

  


 

   

  
  

     

  
          

  
             

2 2 2 ,x y a 

 
 

2 2 2 0

( , )lim 0,
i

k
j i jx y a

x y i k
x y


  


 


.

Th is expression is considered for i = k and proved to be equal to 0.

 2 2 2

2 2 21
20

( , ) ( , )1lim
k k

k k
j k j j k jx y a

x y x y a x y
x y a x y
  

   

  
      

.

A function 1( , )k x y   is a polynomial of  2k  degree, so 1( , )k
k
j k j

x y
x y
 




 

 is a

polynomial of k  degree, i.e. 1( , )k
k
j k j

x y
x y
 




 

 is limited at the endpoints R2. Since

   2 2 2

2 2 2

0
0

x y a
a x y

  
   , then 

2 2 2 0

( , )lim 0
k

k
j k jx y a

x y
x y


  





. Th e assertion is proved.

Assertion 2.2.
It is needed to prove that  function  2( , )x y C R 

  .
Proof.

Function 

2 2

2 2 2 2 2 2

2 2 2

, ,( , )
0,

x y
x y abe x y ax y

x y a




 




   
    

belongs to the class C  at

all points of 2R  except for, perhaps, points   2 2 2( , ) :x y x y a  . Th erefore, 
it is necessary to check that   2 2 2( , ) ( , ) :x y C x y x y a 

    . Since 
2 2 2( , ) 0,x y x y a    , then all partial derivatives of any order of the 

function ( , )x y  at 2 2 2 0x y a    are equal to zero. Th erefore,  for the 
functions to be  2( , )x y C R 

  , it is suffi  cient to prove that all partial 
derivatives of any order of the function ( , )x y  at points   2 2 2( , ) :x y x y a   
are equal to zero at approximation 2 2 2 0x y a   . Consider
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2 2

2 2 2 2 2 2( , ) ,
x y

x y ax y be x y a


 
    , 

2 2

2 2 2 2 2 2( , ) ( , ),
x yi

x y a
j i j

x y be Q x y x y a
x y




 



  

  , 

where ( , )Q x y  is some fractional rational function.

Since the function 
2 2

2 2 2

2 2 2 0
0

x y
x y a

x y a
e



 

  
  is faster than any degree of a polynomial,

then 
2 2 2 0

( , )lim 0
i

j i jx y a

x y
x y


  





.

Th e assertion is proved.

2.2. R-operation systems 
for different smoothness classes 

An important property of R-operations is the normalization preservation used 
in the construction of many structures for solving boundary value problems [41, 
47, 48]. Th is property means that if R-operations that preserve normalization 
are applied to the normalized equations of the border regions, the resulting 
equation will also be normalized. However, not all known R-operations that 
preserve normalization are smooth at point (0,0).

A theorem that shows that the non-smoothness property is common to all 
R-operations that preserve  normalization is proved.

Th eorem 2.1.
Th ere are no R-conjunctions and R-disjunctions of smoothness class higher 

than  2C R , which preserve the normalization of functions.
Proof.
Th e proof is considered on the example of R-conjunction (the proof for 

R-disjunction is similar).
Suppose that there is some R-conjunction ( , )r x y  that preserves the 

normalization of functions. Assume that ( , )r x y  belongs to the class  2C R .
Th ese functions have the following properties:

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),

r x y x y
r x y x y
r x y y x x y
r x y y x x y









   
    
        
        

( , ) 1, ( 0) ( 0),

( , ) 1, ( 0) ( 0).

r x y x y
x

r x y x y
y
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Consider 
0 0

(0,0)

( , ) ( ,0) (0,0) 0 0lim lim 0
e

r x y r r
x 


 

  

 

  
  


. On the other

hand, 
0

(0,0) 0

( , ) ( , )lim 1
y
x

r x y r x y
x x

 




 
 

 
. It follows that the function ( , )r x y

x



 is

discontinuous. Similarly,  
0 0

(0,0)

( , ) (0, ) (0,0) 0 0lim lim 0r x y r r
y  


 

  

 

  
  


,

0
(0,0) 0

( , ) ( , )lim 1
y
x

r x y r x y
y y

 




 
 

 
. Th us, the function ( , )r x y

y



 is discontinuous.

Th is is a contradiction to the theorem assumption, therefore, the theorem is 
proved.

Normalization of functions ( , )i x y  that are part of the structures of 
boundary value problems is not used for all structures.

For example, in Kantorovich’s structure [19, 41, 48] for a homogeneous 
Dirichlet problem ( , ) ( , ) ( , )u x y x y P x y  there is no need for normalization 
of the function ( , )x y . Based on the statement of Th eorem 2.1, there are 
no R-operations of smoothness class higher than  2C R  that preserve 
normalization. However, if one abandons the property of normalization 
preservation, it is possible to increase the smoothness of R-operations. 

Th e monograph proposes a system of R-operations kR , which has the form

        11 2 2 11 ( 1) 1 ( 1)
k k kk kk kx y x y x y x y

           ,

    12 2 1( 1) ( 1)
k k kk kx y x y x y x y

        , x x  .           (2.6)

Th e proof for the following theorem shows that the functions of this system 
are R-operations of the class  2C R .

Th eorem 2.2.
Functions ( , ) , 0,1,2...

k
kr x y x y k     and ( , ) , 0,1,2...

k
kr x y x y k     

are R-conjunctions and R-disjunctions, respectively.
First, the lemma is proved.
Lemma 2.1.

0,1,2,...k  , ,x y R  ,    k k
x y x y    , moreover, equality is 

satisfi ed when 0x y  .
Proof of the lemma 2.1.
Suppose that k  is odd, then the function kx  is monotonically increasing.

So,    k k
x y x y    , since 

,
.

x y x y
x y x y
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Suppose that k  is even. Th en  k k k
x y x y x y      .

Since kx  is monotonically increasing at 0x   and x y x y   , then

     kk k
x y x y x y      . Th us, the following is proven:  k

x y 

  k
x y   .

Suppose that    k k
x y x y    , then x y x y    . It follows

that 
0,

0.
x y x y y
x y x y x

     


     
 Lemma 2.1 is proved.

Also, to prove Th eorem 2.2, the triangle inequality [2] is used in the following
 form: ,x y R  , 2 2x y x y x y     , and equality is satisfi ed in the 
case ( 0) ( 0)x y   .

Proof of Th eorem 2.2.
It is necessary to prove that the following conditions are met:

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),

k

k

k

k

r x y x y
r x y x y
r x y y x x y
r x y y x x y









    


   


       
        

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)).

k

k

k

k

r x y x y
r x y x y
r x y y x x y
r x y y x x y









    


   


       
        

Th e proof begins with the fi rst statement. Th e case , 0x y  is considered. 
We have

       
       

11 2 2 1

11 1

( , ) 1 ( 1) 1 ( 1)

1 ( 1) 1 ( 1)

k kk kk k k

k kk kk k

r x y x y x y x y

x y x y x y

 


 

         

         

   
    
   

     

1

1 1

1

0,

0,

k k

k k

k k

k k

x y x y x y

sign x y x y x y k even

x y x y x y

x y x y sign x y x y k odd



 








     

       

    

      










 

(according to Lemma 2.1 and the triangle inequality).
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So ( , ) 0kr x y  . In this  case x > 0, y < 0, we have

         
        

   
           

11 2 2 1

11 1

1 1

1

, 1 ( 1) 1 ( 1)

1 ( 1) 1 ( 1)

0,

0,

k kk kk k k

k kk kk k

k k

k k k k

r x y x y x y x y

x y x y x y

x y x y k even

x y x y x y x y x y x y k odd

 


 

 



         

         

     


 
          


(according to Lemma 2.1 and the triangle inequality).

It follows that ( , ) 0kr x y  . In this  case 0, 0x y  , we have

         
         

        
           

11 2 2 1

11 1

1 1 1

1

, 1 ( 1) 1 ( 1)

1 ( 1) 1 ( 1)

0,

0,

k kk kk k k

k kk kk k

k k k k

k k k k

r x y x y x y x y

x y x y x y

x y x y x y x y x y k even

x y x y x y x y x y x y k odd

 


 

  



         

           

                
             

(according to Lemma 2.1 and the triangle inequality).
It follows that ( , ) 0kr x y  . In this  case x < 0, y < 0, we have

       
        

11 2 2 1

11 1

( , ) 1 ( 1) 1 ( 1)

1 ( 1) 1 ( 1)

k kk kk k k

k kk kk k

r x y x y x y x y

x y x y x y

 


 

         

           
     

           

        

1

1 1 1

0,

0,

k k k k

k k k k

x y x y x y x y x y x y

k even

x y x y x y x y x y
k odd



  

              
  
             


               
(according to Lemma 2.1 and the triangle inequality).

Th us, ( , ) 0kr x y  . Th e following property for the function ( , )kr x y  is proved:

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0).

k

k

r x y x y
r x y x y




    


   

It is needed to prove that

( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)).

k

k

r x y y x x y
r x y y x x y
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Th e value of the function ( , )kr x y  on the coordinate axes is considered. We 
have the following:

               1 1 1 1 1( ,0) 1 1 1 1 0k k k k k k k kkr x x x x x x    

          , 0x  ;

            
2 211 1 21 1 1(0, ) 1 ( 1) 1 ( 1) 1 1 0

k kk k k k kk k k k kr y y y y y y
    

            ,

 0y  ;

               
 

1 1 1 1 1 1

11

( ,0) 1 1 1 1

2 2 0, 0

k k k k k k k kk

kk

r x x x x x x

x x x

     





         

      

           
     

2 2

2 2 2

11 2 21 1 1

1 12 2 2 11 1 1

1 1( 1)( 2)

(0, ) 1 ( 1) 1 ( 1) 1 1

2 1 2 1 ( 1) 2 1 ( 1)

2( 1) 2 0, 0.

k kk k k k k kk k k k k

k kk k k k k kk k k

k kk k

r y y y y y y

y y y

y y y

    


      

  

          

         

      

Th ereby,  

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)).

k

k

k

k

r x y x y
r x y x y
r x y y x x y
r x y y x x y









    


   


       
        

Since

       
         

   

12 12 2 1

12 1 12 2 1

12 2 1

( , ) 1 ( 1) 1 ( 1)

1 ( 1) ( 1) 1 1 ( 1)

( 1) ( 1) ( , ),

k kk kk k k

k kk k kk k k

k kk k k

r x y x y x y x y

x y x y x y

x y x y x y r x y

 


  




              

           

       

then the functions  , , 0,1 , 2,kr x y k     have the following property:

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)).

k

k

k

k

r x y x y
r x y x y
r x y y x x y
r x y y x x y









    


   


       
        

Th eorem 2.2 is proved.
Th eorem 2.3.
Th e functions  , , 0,1 , 2,kr x y k   and ? ( , ), 0,1,2,...kr x y k   belong to the 

class  2kC R .
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Proof.
Consider         11 2 2 1( , ) 1 ( 1) 1 ( 1)

k kk kk k kr x y x y x y x y
 

          .
Th e second member of the ( , )kr x y  functions family belongs to the class 

 2C R , so it is needed to check that  2 2 1( 1)
kkx y x y    belongs to the

 class  2kC R . It is enough to show that

 
   
   

1 2 2 2

2 2 2 2

( , ) ,

( , ) .

k k
k

k k
k

g x y x y x y C R

g x y x y x y C R

    


   

Th ese functions belong to the class C  at all points of R2, except for point 
(0,0). Th us, it is necessary to check the smoothness of these functions up to the 
k-th order at point (0,0).

Th e fi rst statement    1 2 2 2( , ) k k
kg x y x y x y C R     is checked. To do 

this, it is suffi  cient to show that all partial derivatives are continuous, and also 
that

1

(0,0)

( , ) 0,
i

k
j i j

g x y i k
x y 


 

 
.

Th e proof will be carried out with the mathematical induction method. 
Th is assertion is proven  for 1k  .

Consider 

  1
2 21

2 2

( , ) x x yg x y x y
x x y


  

 
,  1

2 21
2 2

( , ) y x yg x y x y
y x y


  

 
.

Th en  1
1

2 20 0
0 0

( , )lim lim
x x
y y

x x yg x y
x x y 

 




 
. To  

2 20
0

lim 0
x
y

x x y

x y






, it is necessary and 

suffi  cient for  22

2 20
0

lim 0
x
y

x x y
x y







. Consider this limit

   2 2 2 22
2 2 2

2 2 2 2 2 2 2 20 0 0 0
0 0 0 0

2 2 2lim lim lim lim 0
x x x x
y y y y

x x xy yx x y xy xyx x x
x y x y x y x y   

   

   
         

,

because 2 2
2 1xy

x y



. Th us,   1

1
2 20 0

0 0

( , )lim lim 0
x x
y y

x x yg x y
x x y 

 


 

 
.
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Consider

  1
1

2 20 0
0 0

( , )lim lim
x x
y y

y x yg x y
y x y 

 




 
,

   2 2 2 22
2 2

2 2 2 2 2 20 0 0
0 0 0

2 2lim lim lim
x x x
y y y

y x xy yy x y xyy y
x y x y x y  

  

   
       

 

2
2 20

0

2lim 0
x
y

xyy
x y



 


, since 2 2
2 1xy

x y



. 

Th us,   1
1

2 20 0
0 0

( , )lim lim 0
x x
y y

y x yg x y
y x y 

 


 

 
.

Based on the proven,    1 2 2 1 2
1( , )g x y x y x y C R    . Assume that 

this assertion is executed for 1k  , i.e.

1
1( , ) 0, 1,

i
k

j i j

g x y i k j i
x y





   

 
.

Th en 

       11 2 2 2 2 1
1( , ) ( , )k k

k kg x y x y x y x y x y x y g x y x y

         ,

1 1 1 1 1 1
1 1

1 1
(0,0) (0,0)

( , ) ( , ) ( , ) ( , )( ) ( )
i i i i

k k k k
j i j j i j j i j j i j

g x y g x y g x y g x yx y i j j
x y x y x y x y

 
 

     

    
              

 0, i k  , 
1 1

1
0
0(0,0)

( , ) ( , )lim ( )
k k

k k
j k j j k jx

y

g x y g x y x y
x y x y


 



  
      

.

Suppose that 
1

1
0
0

( , )lim ( ) 0
k

k
j k jx

y

g x y x y
x y






 
    

.

Suppose that this limit exists and is fi nite, 
1

1
0
0

( , )lim ( )
k

k
j k jx

y

g x y x y C
x y






 
    

,

then

 
1

1( , ) ~
( )

k
k
j k j

g x y C
x yx y





 

,  and 
1 1

1
1

( , ) ~
( )

k
k

j k j

g x y C
x x yx y




 

 
    

.



38

Chapter 2. NEW CONSTRUCTIVE METHODS OF DESCRIPTION OF AREAS OF COMPLEX SHAPE 

Th us, 
1 1

1
01
0

( , ) ~ ln
k

k
xj k j
y

g x y C x y
x y




 



  

 
, and this contradicts the assumption.

Suppose that 
1

1
0
0

( , )lim ( )
k

k
j k jx

y

g x y x y
x y






 
     

. Th en  
1

1

0
0

( , ) 0
k

k
j k j x

y

g x y
x y


 






 
 faster

than 
( )

C
x y

, therefore, 
1 1

1
1 0

0

( , )k
k

j k j x
y

g x y
x y




  





 
 faster than lnC x y , which also

contradicts the assumption.
Suppose that this limit does not exist. Th is means that at diff erent 

approximations of x and y to zero we have diff erent limits.

Consider the limit 
1

1
0
0

( , )lim ( )
k

k
j k jx

y

g x y x y C
x y






 
    

 for some option of appro-

ximation of x and y to zero (in which the limit is not equal to zero), then
1

1( , ) ~
( )

k
k
j k j

g x y C
x yx y





 

, i.e. 
1 1

1
1

( , ) ~
( )

k
k

j k j

g x y C
x x yx y




 

 
    

.

Th us, 
1 1

1
01
0

( , ) ~ ln
k

k
xj k j
y

g x y C x y
x y




 



  

 
 (in this case of the approximation

 of x and y to zero), which contradicts the assumption.

Based on the above,  
1

(0,0)

( , ) 0
k

k
j k j

g x y
x y 




 
. It is similarly proved that 1 ( , )kg x y 

  2
2 2 k k

R
x y x y C    . Th us,    2, , 0,1 , 2,...k kr x y C R k  

 
Since ( , )kr x y 

( , )kr x y    , then

1( , ) ( ( , )) ( ( , )) ( , )( 1)
i k i k i k i k

i
j i j j i j j i j j i j

r x y r x y r x y r x y
x y x y x y x y

   
   

          
    

       
.

Based on the fact that all partial derivatives of function ( , )kr x y  up to 
the k-th order exist and are continuous, it follows that all partial derivatives 
of function ( , )kr x y  up to the k-th order also exist and are continuous, i.e. 
   2, , 0,1 , 2,k kr x y C R k   Th e theorem is proved.

Conclusion. A system of R-operations Rk of smoothness class Ck(R2), 
k = 0, 1, 2, ... is built. At k = 0, this system is transformed into a system of 
R-operations R0.
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Fig. 2.2—2.4 show the visualization of graphs of R-conjunction functions 
from the given system kR  at 0k  , 1k  , 2k  .

Th e question arises as to whether it is possible to explicitly construct an 
R-conjunction and an R-disjunction of class C(R2). Th e following system 

Fig. 2.2. Visualization of the function ( , )f x y x y   graph: a — in the form of lines of 
constant level on the plane xOy ; b — in the form of a surface in space 3R

Fig. 2.3. Visualization of the function 
1

( , )f x y x y  graph: a — in the form of lines of 
constant level on the plane xOy ; b — in the form of a surface in space 3R
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of R-operations  R gives a positive answer to this question: 

 
   

 
 

 

2 2

2

2

1 1

1

1

, ( ) ( ),

, 0,

, 0,
0, 0,

x y x y
x y x y

x y
x y

x y
x y

sign x y e e x y x y

sign x y e x yx y

e x y
x y

   

 

 
 

 




      


     

   
  

 
   

 
 

 

2 2

2

2

1 1

1

1

, ( ) ( ),

, 0,

, 0,
0, 0,

x y x y
x y x y

x y
x y

x y
x y

sign x y e e x y x y

sign x y e x y x xx y

e x y
x y

   

 

 
 

 




      


       

   
  

        (2.7)

x x  .
Th eorems that show that functions of a given system are R-operations of 

class  2C R  are proved.
Denote ( , ) , ( , ) .r x y x y r x y x y  

    

Fig. 2.4. Visualization of the function  
2

( , )f x y x y  graph: a — in the form of lines of 
constant level on the plane xOy ; b — in the form of a surface in space 3R  
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Th eorem 2.4.
The functions yxyxr



 ),(  and yxyxr



 ),(  are R-conjunction 

and R-disjunction, respectively.
Proof.
It is necessary to prove that the following conditions are met:

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),

r x y x y
r x y x y
r x y y x x y
r x y y x x y













    


   


       
        

( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)).

r x y x y
r x y x y
r x y y x x y
r x y y x x y













    


   


       
        

Th e meeting of conditions for functions ),( yxr 
  is proved. Th e case 

0, yx  is considered.
Suppose that yx  , then

 
 

 
 

 
 

2 2

2

1 1

1

0, ( ) ( ),
( , )

0, 0.

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y

   

 

  




       


  

At 0 yx  the inequality is obvious. At )()( yxyx   the inequa-
lity is realized based on the monotonicity of the function xe  and inequality
 
 

 
 yx

yx
yx

yx






 11 22

. Th is inequality is proved in the assumption 

0 yx . 
Since    yx

yx
yx

yx






1)(1)( , then    

112
yxyx

y 







22

2
yx
y




 . Th is inequality is realized because the left  side is positive and the

right side is negative.
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Suppose that yx  , then
 
 

 
 

 
 

2 2

2

1 1

1

0, ( ) ( ),
( , )

0, 0.

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y

   


 

  




       


  
At 0 yx  the inequality is obvious. At )()( yxyx   the 

inequality is realized based on the monotonicity of the function ex and

inequality  
 

 
 yx

yx
yx

yx






 11 22

. Th is inequality is proved in the assump-

tion 0 xy . 
Since

   yx
xy

yx
yx







1)(1)( , then     22

2112
yx

x
yxyx

x








 .

Th is inequality is realized because the left  side is positive and the right side 
is negative.

Th e case )0()0(  yx is considered.
Suppose that yx  , then

   

 

2 2

2

1 1
( ) ( )

1
( )

0, ( ) ( ),
( , )

0, 0.

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y

   


 

  





       

    

At 0 yx , the inequality is obvious. At )()( yxyx   the 
inequality is realized based on the monotonicity of the function ex and

inequality  
 

 
 yx

yx
yx

yx






 11 22

. 

Th is inequality is proved in the assumption yx 0 .

Since    yx
xy

yx
yx







1)(1)( , then    
112

yxyx
x 







 22

2
yx

x


 . Th is inequality is realized because the left  side is positive and the

right side is negative.
Suppose that yx  , then

   

 

2 2

2

1 1
( ) ( )

1
( )

0, ( ) ( ),
( , )

0, 0.

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y
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Th is inequality is obvious. Th e case when ( 0) ( 0)x y    is considered.
Suppose that y≥x, then

 

 
 

 
     

 
 

2 2

2

1 1

1

0, ,
,

0, 0.

   
 

 



 





       

    

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y
Th ese inequalities are obvious.
Suppose that y x , then 

 

 
 

 
     

 
 

2 2

2

1 1

1

0, ,
,

0, 0.

   


 



 





       

    

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y

 

Th ese inequalities are obvious. Th e case  ( 0) 0x y    is considered.
Suppose that x y  , then

 

 
 

 
     

 
 

2 2

2

1 1

1

0, ,
,

0, 0.

   
 




 



       

    

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y

 

At 0x y     inequality is obvious. At    x y x y     the inequality 
is realized based on the monotonicity of the function ex and inequality

  
 

 
 

2 21 1x y x y
x y x y
   


 

 . 

Th is inequality is proved in the assumption 0 y x    .

Since        
1 1x y x y

x y x y
    

 
 , then 

   
1 12y

x y x y
  

 

2 2

2



y

x y
. Th is inequality is realized because the left  side is positive and the

 right side is negative.
Suppose that x y  , then 

 

 
 

 
     

 
 

2 2

2

1 1

1

0, ,
,

0, 0.

   


 



 



       

    

x y x y
x y x y

x y
x y

e e x y x y
r x y

e x y
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Th ese inequalities are obvious.
Th us, the following property of the function ),( yxr 

  is proved 

 
 

, 0, ( 0) ( 0),
, 0, ( 0) ( 0).






    
    

r x y x y
r x y x y

 

Now it is needed to prove that 

           
     

, 0, 0 0 0 0 ,

, 0, ( 0 ( 0)) ( 0 ( 0)).

r x y y x x y

r x y y x x y







        


       
 

Th e function   ,0r x
   is considered at 0x   

     
2 21 1

0 ,,0
0, 0.

 





       
  

x x
x xe e x y x yr x
x y

 

Th e function   0,r y
   is considered at 0y   

     
2 21 1

, 0 ,0,
0, 0.

 





       
  

y y
y ye e x y x yr y
x y

 

Th e function   ,0r x
   is considered at 0x   

 
2 21 1

,0 0
x x

x xr x e e
 


     .

Th e function  0,r y
   is considered at 0y   

 
2 21 1

0, 0
y y

y yr y e e
 


     .

Th e theorem is proved for the function  ,r x y
 . Th e proof for the function 

 ,r x y
   is considered. Since    , ,r x y r x y 

     , then the function 
 , , 0,1, 2...r x y k

    has a property

 
 
           
     

, 0, ( 0) ( 0),

, 0, ( 0) ( 0),

, 0, 0 0 0 0 ,

, 0, ( 0 ( 0)) ( 0 ( 0)).













    


   


       
        

r x y x y

r x y x y

r x y y x x y

r x y y x x y

 

Th us, the theorem is proved.
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2.2.  R-operation systems for different smoothness classes

Th eorem 2.5.
Th e functions  ,r x y

   and  ,r x y
   belong to the class C=(R2).

Proof.
It is needed to prove that    2, 

 r x y C R . Th e function

 

 
   

   

 
 

 

2 2

2

2

1 1

1

1

, ,

, 0,,

, 0,
0, 0

   
 

 




 



      


    


   
  

x y x y
x y x y

x y
x y

x y
x y

sign x y e e x y x y

sign x y e x yr x y

e x y
x y

 

is considered.
Obviously,    2, 

 r x y C R  ,    , :x y x y x y     .

For the case ( ) ( )y x y x      we have   
 
 

 
 

2 21 1

,
x y x y

x y x yr x y e e
   


 

   . 
It follows that

         
2 2

2 2
1 1

1 1( ) ( )
( ) ( )

1 1
( , ) ( , ) ( , )

x y x y
x y x yi i x y i x y

x y x y
j i j j i j j i j

r x y e e e P x y e Q x y
x y x y x y

   
       

 
  

  
   

     
, 

where  1 ,P x y  and   1 ,Q x y   — some fractional rational functions.

Since the functions 
 

)(
12

yx
yx

e 


and 
 

)(
12

yx
yx

e 




 approach zero faster than any 
degree of the polynomial at xy   and xy   respectively, then

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 


 


 

 
 

   
, 

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 
 


 

 


   
, 

0
),(

lim
0
0











 jij

i

y
x yx

yxr .

Th e case )()( xyxy   is considered. Since 
 2 1

( )( , )
x y

x yr x y e
 

 
     2 1

( )
x y

x ye
 

 , then
         

2 2
2 2

1 1
1 1( ) ( )

( ) ( )
1 2

( , ) ( , ) ( , )

x y x y
x y x yi i x y i x y

x y x y
j i j j i j j i j

r x y e e e P x y e Q x y
x y x y x y

   
     
 

  

  
   

     
,

where 1( , )P x y  and 2( , )Q x y  — some fractional rational functions.
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Th en

 

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 
 


 

 


   
, 

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 
 


 

 
 

   
,

0
0

( , )lim 0
i

j i jx
y

r x y
x y










 
.

Th e case )()( xyxy   is considered. Since 
 2 1

( )( , )
x y

x yr x y e
 


 
   

 
 

)(
12

yx
yx

e 


 , then
         

2 2
2 2

1 1
1 1( ) ( )

( ) ( )
2 2

( , ) ( , ) ( , )

x y x y
x y x yi i x y i x y

x y x y
j i j j i j j i j

r x y e e e P x y e Q x y
x y x y x y

   
       

 
  

  
     

     
, 

where 1( , )P x y  and 2( , )Q x y  — some fractional rational functions.
Th en

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 


 


 

 
 

   
,

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 
 


 

 
 

   
,

0
),(

lim
0
0











 jij

i

y
x yx

yxr
.

Th e case )()( xyxy  is considered.

Since   
   

)(
1

)(
1 22

),( yx
yx

yx
yx

eeyxr 









  , then

         
2 2

2 2
1 1

1 1( ) ( )
( ) ( )

2 2
( , ) ( , ) ( , )

x y x y
x y x yi i x y i x y

x y x y
j i j j i j j i j

r x y e e e P x y e Q x y
x y x y x y

   
       

 
  

  
     

     
, 

where  2 ,P x y   and  1 ,Q x y   — some fractional rational functions.
Th en

 

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 


 


 

 
 

   
, 

  2 1
( )( , )lim

x y
i i x y

j i j j i jy x

r x y e
x y x y

 
 


 

 
 

   
,

0
),(

lim
0
0











 jij

i

y
x yx

yxr .

Th us, all partial derivatives of functions ),( yxr 
  of arbitrary order exist and 

are continuous, therefore  2( , )r x y C R 
  .
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It is needed to prove that  2( , )r x y C R 
  .

Since ),(),( yxryxr  



 , then

jij

i
i

jij

i

jij

i

jij

i

yx
yxr

yx
yxr

yx
yxr

yx
yxr




































 ),(
)1(

)),(()),((),( 1 .

Based on the fact that all partial derivatives of a function ),( yxr 
  of 

arbitrary order exist and are continuous, all partial derivatives of a function 
),( yxr 

  of arbitrary order also exist and are continuous. So  2( , )r x y C R 
  .

Th e theorem is proved.
Fig. 2.5 shows a visualization of the graph of the R-conjunction function 

from the system of R-operations  R.

2.3. Behavior of smooth functions with constant values 
on non-smooth curves in the vicinity of the corner point 

To study the behavior of a smooth function that satisfi es the homogeneous 
Dirichlet boundary value condition at the corner point of the border, the fol-
lowing theorem is proved.

Th eorem 2.6.
Suppose that there is a function ( , )f x y   , that is defi ned in some area  

2R , for which the following conditions are met: ( , )f x y const

 , point 

0 0( , )x y  — corner point of the curve  , 0     — the angle between the semi-
tangents [2] to the curve   at the point 0 0( , )x y . Suppose that function ( , )f x y  

Fig. 2.5. Visualization of the function yxyxf


),(  graph: а — in the form of lines 
of constant level on the plane xOy ; b — in the form of a surface in space 3R



48

Chapter 2. NEW CONSTRUCTIVE METHODS OF DESCRIPTION OF AREAS OF COMPLEX SHAPE 

belongs to a class 1C   in the vicinity of point
        

 0 0,x y , then 
0 0( , )

( , ) 0
x y

f x y
l





 , 

where l   is an arbitrary direction.   
Proof.
Suppose that 1 2    , 1  and 2  

are unit vectors relative to the curves 1  
and 2  at point 0 0( , )x y  (Fig. 2.6). Suppose 
that   1 2    , 0    .

Th e derivative of the function ( , )f x y  is considered at the point 0 0( , )x y  in 
the direction 1

 0 0 0 0 0 0
0 0 1 11 12

1

( , ) ( , ) ( , )( , ),f x y f x y f x yf x y
x y

  


  
   

  
.

Since the function ( , ) 0f x y   at 1 , then 0 0

1

( , ) 0f x y






. So, 

0 0 0 0
11 12

( , ) ( , ) 0f x y f x y
x y

 
 

 
 

.                              (2.8)

Similarly,
0 0 0 0

21 22
( , ) ( , ) 0f x y f x y

x y
 

 
 

 
.                              (2.9)

Th ese equations are a system of linear equations concerning  variables
0 0( , )f x y
x




 and 0 0( , )f x y
y




.

Th e determinant of the matrix T of the system (2.8)—(2.9) is written as

    11 22 12 21 11 12 22 21, , ,det T              

2 2 2 2
11 12 22 21 0

2
cos sin            

 
 , 0     .  

Since the determinant of the system is nonzero, the system (2.8—2.9) can

 be unequivocally solved, and

0 0

0 0

( , ) 0,

( , ) 0.

f x y
x

f x y
y


 

 
  

Some direction l  is considered,

 then  0 0
0 0

( , ) 1 ( , ), 0f x y f x y l
l l


  


.

Th us, Th eorem 2.6 is proved.

Fig. 2.6. Th e curve  , on which 
( , )f x y const
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During the proof of the R-operations smoothness (2.5—2.6), it was shown 
that:

(0,0) (0,0)

( , ) ( , ) 0, ,
i k i k

j i j j i j

r x y r x y i k j i
x y x y
 

 

 
     

   
.,

(0,0) (0,0)

( , ) ( , ) 0, ,
i i

j i j j i j

r x y r x y i j i
x y x y

 
 

 

 
    

   
.

Th is property when using R-operations (2.6) to construct the function  pro-

vides the condition  ( , ) ( , )
0

i

j i j

x y P x y
x y







 
 at the corner points of the area, if 

the function ( , )P x y  is limited, at i  k, j  i for R-operations from the system 
(2.6) and i, j  i for R-operations from the system (2.7). Th is can lead to the 
incompleteness of basis functions for the structure of a homogeneous Dirichlet 
problem.

Th e question arises, is this property common to all smooth R-conjunctions 
and R-disjunctions or is it a feature of the given systems? To answer this ques-
tion, a theorem that shows the behavior of a smooth function, which acquires 
constant values on a non-smooth curve in the vicinity of its corner point, and 
which changes the sign when passing this curve, is proved.

Th eorem 2.7.
Suppose that there is a function ( , )f x y , that is defi ned in some area 2R , 

for which the following condition is met: ( , )f x y const

 , 0 0( , )x y  — corner 

point of the curve    1 2    ,  0     — the angle between the semi-
tangents [2] to the curve   at a point  0 0( , )x y , which have a direction from the 
point 0 0( , )x y  along  . Assume that the function ( , )f x y  belongs to the class 

 kC   and passes monotonically through the curve    (Fig. 2.7). Th en

  
0 0 0 0( , ) ( , )

( , ) ( , ) 0, ,
i i

j i j j i j
x y x y

f x y f x y i k j i
x y x y 

 
     

   
.

To prove this theorem, two lemmas are proved (2.2 and 2.3).
Lemma 2.2.
Suppose  that  0 0( ) ,kf x C x h x h      and ( )

0( ) 0, 0,1,2,.., 1   if x i k . 
Then if 0 h   , 0( ) 0f x   , then  ( )

0( ) 0kf x  , if 0 h   , 0( ) 0f x   , 
then  ( )

0( ) 0kf x  . 
Proof of the lemma 2.2. 
Suppose that for 0 h    the inequality 0( ) 0f x    is satisfi ed. Since 
0( ) 0f x  , then 0 , in which the function ( )f x  is such that it does not de-

crease on the segment 0 0 0,x x  .
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Consider 0 0 0,x x x   . Th en

0

( ) ( )( ) lim 0f x f xf x





   
 

 . 

Th us, for 00      the inequality 
0( ) 0f x     is realized. Since f(x0) = 0, then 

1 , at which ( )f x  does not decrease in  a 
segment 0 0 1,x x  .

Consider 0 0 1,x x x   . Th en

 
0

( ) ( )( ) lim 0f x f xf x





    
 

 .

Th e reasoning is continued in the same way. For 1k  , at which ( 1)( )kf x  
does not decrease on a segment 0 0 1, kx x   . Th en

 
   1 1

( )

0

( ) ( )( ) lim 0
k k

k f x f xf x





 



 
 

 
 , 0 0 1, kx x x     . 

Th us, ( )
0( ) 0kf x  .

Suppose 0    0( ) 0f x    is satisfi ed. Th en the function    g x f x   
0( ) 0g x    is satisfi ed. Based on the proved above, we have that ( )

0( ) 0kg x  . 
Since ( ) ( )( ) ( )k kg x f x  , then ( )

0( ) 0kf x  .
Lemma 2.2 is proved.
Lemma 2.3.
Assume that there is a function  2( , ) kf x y C R  and some vector 1 2( , )   , 
1  . Suppose that there is a direction   along the vector  1 2( , )   , and

suppose that 1 2( ) ( , )g x f x x  . Th en 
1 2

( )

( , )

( , ) ( ),
i

i
i

x x

f x y g x i k
 




  


.

Proof of Lemma 2.3.
Consider 

1 2
0

( , ) ( , ) ,
i ii

j j i j
ii j i j

j

f x y f x y C i k
x y

 







 
  

   .

Based on

1 2

( )
1 2

0 ( , )

( , )( ) ,
ii

i j j i j
ij i j

j x x

f x yg x C i k
x y

 

  





  

  ,

we get that

 
1 2

( )

( , )

( , ) ( ),
i

i
i

x x

f x y g x i k
 




  


.

Lemma 2.3 is proved.

Fig. 2.7. Th e curve  , on which 
( , )f x y const
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Proof of  theorem 2.7.
Suppose that 1 2     , 1



  and 2   —  unit vectors to curves 1   and 2
 at point 0 0( , )x y , such that 1 2    , 0    . Suppose for certainty that 

( , )f x y const  at points corresponding to the angle   (Fig. 2.7). Otherwise, 
the function ( , ) 2f x y const   can be considered. For simplicity, a point (0,0)  
is taken as a point 0 0( , )x y  (for an arbitrary corner point, one can consider the 
function 0 0( , )f x x y y  ) and as a constant, 0const    (for an arbitrary con-
stant, one can consider the function  f (x, y)–const).

Th e proof is carried out by the mathematical induction method. Th is asser-
tion is proved for the case 1k  . Two linearly independent vectors  1 1,1 1,2,    

and  2 2,1 2,2,    such that 1 2i i i     , 0, 0i i   , 2 2
1,1 1,2 1   ,

2 2
2,1 2,2 1    are considered.
Th e functions 1 1,1 1,2( ) ( , )g x f x x   and 2 2,1 2,2( ) ( , )g x f x x   are conside-

red. Functions  1 0 0g  ,  2 0 0g  ,  1 0g x x      ,  2 0, 0g x x   . Th en, 
according to the lemma 2.2  '

2 0 0g  . In addition, according to  lemma 2.3 

1
1 (0,0)

( , )(0) f x yg


 


 and 2
2 (0,0)

( , )(0) f x yg


 


.

Th us,

1,1 1,2
1

(0,0) (0,0) (0,0) 0f f f
x y

 


  
  

  
,                          (2.10)

2,1 2,2
2

(0,0) (0,0) (0,0) 0f f f
x y

 


  
  

  
.                          (2.11)

Similarly for vectors  1 1,1 1,2,       and  2 2,1 2,2,        functions 
1 1,1 1,2( ) ( , )g x f x x     and 2 2,1 2,2( ) ( , )g x f x x     are considered. Functions 
1(0) 0g  , 2(0) 0g  , 1( ) 0, 0g x x   , 2( ) 0, 0g x x   . Th en, according to  

lemma 2.2 1(0) 0g   , 2(0) 0g   . In addition, according to  lemma 2.3  

 1
1 (0,0)

( , )(0) f x yg


 
 

  and 
 2

2 (0,0)

( , )(0) f x yg


 
 

 .

We have

  1,1 1,2
1

(0,0) (0,0) (0,0) 0f f f
x y

 


  
   

   
,                       (2.12)

  2,1 2,2
2

(0,0) (0,0) (0,0) 0f f f
x y

 


  
   

   
.                      (2.13)
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So, based on (2.10) — (2.13),

1,1 1,2
(0,0) (0,0) 0f f
x y

  
 

 
,                                    (2.14)

2,1 2,2
(0,0) (0,0) 0f f
x y

  
 

 
.                                   (2.15)

Since the vectors  1 1,1 1,2,    and  2 2,1 2,2,    — linearly independent,

 1,1 1,2

2,1 2,2

det 0
 
 
 

 
 

. Th erefore, the system (2.14) — (2.15) can be unequivocally

solved and (0,0) 0f
x





, (0,0) 0f

y





.

Suppose that 
0 0

0 1
( , )

( , ) , ,
i

j i j
f x y i k j i

x y 


     

 
.

Suppose k  is even. 
1k    pairwise linearly independent vectors  ,1 ,2,i i i   , 1,..., 1i k  , such

that 1 2i i i     , 0 0 1 1, , ,..,i i i k     , 2 2
1 2 1 1 1, , , ,..,i i i k      are 

considered.
Th e functions ,1 ,2( ) ( , )i i ig x f x x   are considered. Functions (0) 0ig  ,

( ) 0, 0  ig x x . Also, since 
0 0

0 1
( , )

( , ) , ,
l

j l j
f x y l k j l

x y 


     

 
, then according

to  lemma 2.3 ( )(0) 0, 1, 1l
ig i k l k       . Th en, according to the lemma

2.2 ( )(0) 0k
ig  . Since, according to  lemma 2.3 ( )

(0,0)

( , )(0)
k

k
i k

i

f x yg






, then

,1 ,2
0

(0,0) (0,0) 0, 1
k kk

j j k j
k i ik j k j

ji

f f C i k
x y

 







 
    

   .              (2.16)

Similarly, vectors  ,1 ,2, , 1,..., 1i i i i k         are considered. Th us, 
functions ,1 ,2( ) ( , )i i ig x f x x    . Functions (0) 0ig  , 0 0( ) ,ig x x   . Al-

so, since  
(0,0)

( , ) 0, 1,
l

j l j
f x y l k j l

x y 


     

 
, then according to  lemma 2.3

 ( )(0) 0, 1, 1l
ig i k l k       . Th en, according to the lemma 2.2 ( )(0) 0k

ig  . 

Since, according to  lemma 2.3  
 

( )

(0,0)

( , )(0)
k

k
i k

i

f x yg




 

, then 
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  ,1 ,2
0

(0,0) (0,0) ( 1) 0, 1
k kk

j k j k j
k i ik j k j

ji

f f C i k
x y

 







 
     

  
 .            (2.17)

Since k  is even, based on (2.16) — (2.17) we have

 ,1 ,2
0

(0,0) (0,0) 0, 1,..., 1
k kk

j j k j
k i ik j k j

ji

f f C i k
x y

 







 
   

   .              (2.18)

Th at is, we have a homogeneous system of linear equations for (0,0)k

j k j
f

x y 


 

.

Th e determinant of the matrix T of the corresponding system (2.18):
1 2 2 1

1,1 1,1 1,2 1,1 1,2 1,1 1,2 1,1 1,2 1,2

1 2 2 1
2,1 2,1 2,2 2,1 2,2 2,1 2,2 2,1 2,2 2,2

1 2 2
3,1 3,1 3,2 3,1 3,2 3

( 1) ... ...
2

( 1) ... ...
2

( 1)det det ...
2

k k k j k j j k k
k

k k k j k j j k k
k

k k k j
k

k kk C k

k kk x C k

k kk x C

         

        

    

   

   

 





  1
,1 3,2 3,1 3,2 3,2

1 2 2 1
1,1 1,1 1,2 1,1 1,2 1,1 1,2 1,1 1,2 1,2

...

... ... ... ... ... ...
( 1) ... ...

2

k j j k k

k k k j k j j k k
k k k k k k k k k k k

k

k kk C k

   

         

 

   
         

 
 
 
 
 
   
 
 
   
 

1 2 2 1
1,1 1,1 1,2 1,1 1,2 1,1 1,2 1,2

1 2 2 1
2,1 2,1 2,2 2,1 2,2 2,1 2,2 2,2

1 2 2 1
3,1 3,1 3,2 3,1 3,2 3,1 3,2 3,2

0

1
1,1 1,1 1,2

...

...
det ...

... ... ... ... ... ...

k k k k k

k k k k k
k

i k k k k k
k

i

k k
k k k

x
C x

       
      
      

   

  

  

  




  

 
  
 


2 2 1
1,1 1,2 1,1 1,2 1,2...k k k

k k k k k    
    

 
 
 
   
 
  
 

2 1
1,2 1,2 1,2 1,2

2 1
1,1 1,1 1,1 1,1

2 1
2,2 2,2 2,2 2,2

2 1
2,1 2,1 2,1 2,1

2 1
1,1 2,1 3,1 1,1 3,2 3,2 3,2 3,2

0 2 1
3,1 3,1 3,1 3,1

1 ...

1 ...

... det
1 ...

... ... ... ... ...

k k

k k

k k

k k
k

i k k k k k k
k k

i k k

C

   
   
   
   

       
   












 

 
     
 


2 1
1,2 1,2 1,2 1,2

2 1
1,1 1,1 1,1 1,1

.

...

1 ...
k k

k k k k
k k

k k k k

   
   


   


   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

is considered.
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Th e last factor is the Vandermonde determinant [35]. Th en

 

,2,2
1,1 2,1 3,1 1,1

0 1 1 ,1 ,1

,2 ,1 ,2 ,1
1,1 2,1 3,1 1,1

0 1 1 ,1 ,1

,2 ,1 ,2 ,1
0 1

det ...

...

k
ji k k k k i

k k
i i j k i j

k
i j j ii k k k k

k k
i i j k i j

k
i
k i j j i

i

C

C

C


   

 

   
   

 

   


    


    

 

  
              

  
            

 

 

 


1

.
i j k  


Since vectors  ,1 ,2,i i i    — are pairwise linearly independent, then

1 2
2 1 2 1

1 2

0, ,
, , , ,

, ,

det ,j j
i j j i

i i

i j
 

   
 
 

    
 

. Th us, if the determinant of a system) 

(2.18) is nonzero, then system (2.18) can be unequivocally solved and 
(0,0)

( , )k

j k j
f x y

x y 




 
 0, j k   .Suppose that k is odd. Consider 1k   pairwise linearly independent vectors
  ,1 ,2,i i i   , 1,..., 1i k  , such that 1 2i i i     , 0, 0, 1,.., 1i i i k     ,

2 2
,1 ,2 1, 1,.., 1i i i k      are considered.
Suppose that the functions ,1 ,2( ) ( , )i i ig x f x x  , and functions (0) 0ig  ,

( ) 0, 0ig x x   . Also, since 
(0,0)

( , ) 0, 1,j l j
f x y l k j l

x y


     
 

, then accor-

ding to  lemma 2.3 ( )(0) 0, 1, 1l
ig i k l k       . Th en, according to the lem- 

ma 2.2 ( )(0) 0k
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   .                (2.19)

Similarly, vectors  1 2 1 1, ,, , ,...,i i i i k         are considered. Suppose
that the functions ,1 ,2( ) ( , )i i ig x f x x   , and functions (0) 0ig  , 

0( ) ,ig x  

0 0( ) ,ig x x   . Also, since
0 0

0 1
( , )

( , ) , ,
l

j l j
f x y l k j l

x y 


     

 
, then according
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to  lemma 2.3 ( )(0) 0,l
ig   1, 1i k l k      . Th en, according to the lemma

2.2 ( )(0) 0k
ig  . Since according to  lemma 2.3
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 .            (2.20)

For odd k , from (2.19)—(2.20) it follows that
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   .                (2.21)

We have a homogeneous system of linear equations concerning  (0,0)k

j k j
f

x y 


 

.

Th is system of equations coincides with the system (2.18), so it is solved, and

thus 
(0,0)

( , ) 0,
k

j k j
f x y j k

x y 


  

 
.

Th us, it is proved that 
(0,0)

( , ) 0, ,
i

j i j
f x y i k j i

x y 


    

 
.

Th eorem 2.7 is proved.
Based on  the proved theorem on the behavior of a smooth function of 

class Ck, which acquires constant values on a non-smooth curve, it is possible 
to answer the question on the behavior of Ck-smooth R-conjunctions and 
R-disjunctions in the vicinity of  the point (0, 0).

Th eorem 2.8.
For any functions  ,r x y   and  ,r x y  , which are R-conjunction and 

R-disjunction and belong to the class  2kC R , the following conditions are met

(0,0) (0,0)

( , ) ( , )0, 0, ,
i i

j i j j i j

r x y r x y i k j i
x y x y
 

 

 
     

   
.

Proof. 
Suppose that there are some functions  ( , )r x y  and ( , )r x y , that are kC - 

smooth R-conjunction and R-disjunction. Th e zero-level lines of these functions 
are considered. Th ey are non-smooth curves at a point (0,0) . Functions ( , )r x y
and ( , )r x y  when passing their zero level lines change the sign by defi nition, i.e. 
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pass them monotonically. Th us, all conditions of the theorem are met.

So, 
(0,0) (0,0)

( , ) ( , )0, 0, ,
i i

j i j j i j

r x y r x y i k j i
x y x y
 

 

 
     

   
.

Th e theorem is proved.

2.4. New system of R-operations

As p  increases, the curvature of the given functions along the lines y x   
increases (Fig. 2.8).

Normalization preservation is a local property in the vicinity of the R-ope-
rations level zero lines, but in the system pR  this property extends into the 
area, resulting in increased curvature around the lines y x  . To overcome 
this eff ect, a new system of R-operations, a nkR system, has been proposed. Th is 
system has the following form:
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Fig. 2.8. R-disjunction from the system pR , at 5p 

(2.22)
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It is needed to prove that these functions are R-operations.
Th eorem 2.9. Th e functions from the system (2.22) are R-operations.
Proof.
It is needed to prove that
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is an R-disjunction. For the R-conjunction, the proof is similar. Denote
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It is necessary to prove that the following conditions are met:
( , ) 0, ( 0) ( 0),
( , ) 0, ( 0) ( 0),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)),
( , ) 0, (( 0) ( 0)) (( 0) ( 0)).
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            (2.23)

Th e case when ( 0)x  is considered.
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Th en, 
(0, ) 0, 0;
(0, ) 0, 0.
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r y y
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. Th e case when ( 0)y   is considered.
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Th e expression 
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 is considered. Th e reduction formula

 cos( ) sin
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 is used. Th en
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.

If the index in the denominator gets renumbered in reverse order, we get that
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Th at is, 
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Th e case ( 0) ( 0)x y    is considered.
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Th e case ( 0) ( 0)x y    is considered.
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Th us, 

     
 

 
     

 
 

1

1

1
1

1

1

sin cos2( 1) 2( 1)
( , )

cos 2( 1)

sin cos2( 1) 2( 1)

cos 2( 1)

0.

k kn k

ink
n

i

k kn k

i
n

i

i ix yn n
r x y x y

i
n

i ix yn n
x y

i
n

x y x y

 



 












 
      



 
       



     









Th e fraction
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is considered. Similarly
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So, 
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Th e case when ( 0) ( 0)x y    is consi dered.
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Th e case when ( 0) ( 0)x y    is considered.
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Th us, it is proved that conditions (2.23) are met. Th at is, functions
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are R-disjunctions, for any ,n k .

Th eorem 2.9 is proved.
Fig. 2.9—2.18 show graphs of R-operations with diff erent values of n and k.
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Fig. 2.9. Graphs of R-operations at 1n   and 2k  (in this case, 
R-operations coincide with the classical system 0R )

Fig. 2.10. Graphs of R-operations at 1n   and 4k  (in this case, 
R-operations coincide with the system pR , 2p  )

Fig. 2.11. Graphs of R-operations at 1n   and 8k   (in this case, 
R-operations coincide with the system pR , p = 4)
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Fig. 2.12. Graphs of R-operations at 2n  and 2k 

Fig. 2.13. Graphs of R-operations at 2n  and 4k 

Fig. 2.14. Graphs of R-operations at 2n  and 8k 
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Fig.2.15. Graphs of R-operations at 1n   and 20k   (in this case, 
R-operations coincide with the system pR , 10p  )

Fig. 2.16. Graphs of R-operations at 2n  and 20k   

Fig. 2.17. Graphs of R-operations at 3n   and 20k 
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It is needed to prove that the given functions are normalized to a given order. So, 
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is a normalized function up to k-1 order. It is necessary to prove that
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Fig. 2.18. Graphs of R-operations at 20n   and 20k 
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Denote
 1 2( , ) ( , )nkx y f x y f x y   , 

where
 1( , )f x y x y  ,
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Th e function 2( , )f x y  consists of the sum of terms of the form

 
1

1 2
k k kx y   . Since each of the terms meets these conditions, the func-

tion 2( , )f x y  also meets these conditions. Th at is, it follows that nkx y  are 
normalized up to 1k   order.
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Th e functions of the given system of R-operations increase the curvature 
when increasing the order of normalizatio n, i.e. the parameter k, which can be 
seen in Fig. 2.15, 2.16, and 2.17. However, as can be seen from Fig. 2.15 —2.18, 
when increasing the parameter n, the system nkR is close in view to the func-
tions 0R  of the classical system of R-operations. It is needed to prove that this 
fact is not accidental.

Th eorem 2.10. Functions from the system nkR  coincide point by point with 
functions from the system 0R .

Proof.
Th e proof is carried out  on the example of R-disjunction. Th e functions

2 2
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are considered.

Move on to the polar coordinate system by replacement:

cos( ),
sin( ),

x r
y r





   

0 cos( ) sin( ) ,x y r r r    

     
 

     
 

1

1

1

1

1

1

cos( ) sin( )

sin cos( ) cos sin( )2( 1) 2( 1)

cos 2( 1)

cos( ) sin( )

sin cos( ) cos sin( )2( 1) 2( 1)
.

cos 2( 1)

nk

k kn k

i
n

i

k kn k

i
n

i

x y r r

i ir rn n

i
n

r r

i ir n n

i
n

 

  



 

  











   

 
    



  

 
   













68

Chapter 2. NEW CONSTRUCTIVE METHODS OF DESCRIPTION OF AREAS OF COMPLEX SHAPE 

It is needed to prove that
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A limit transition at k  is made.
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We get that
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Denote    * arctg tg  . Th en 
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A limit transition in (2.24) is made at n , and (2.25) and (2.26) are 
used.
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Th eorem 2.10 is proved.
Th us, it is possible to conclude that the functions of the new system of 

R-operations Rnk have the following properties: when increasing the order of 
normalization, i.e. parameter k, the curvature increases; they coincide with 
the functions of the classical R-operations system 0R point by point.
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3.1. Construction of boundary 
basic elements for one-dimensional 
boundary value problems with different 
boundary conditions

Th e problem of approximation in the domain of some 
function that satisfi es certain boundary conditions is 
considered. For these purposes, a method for constructing 
a basis based on cubic B-splines has been developed [1, 
10, 28, 44]. Th e new basis consists of B-splines (if their 
carriers belong to the closure of the domain) and elements 
that determine the function behavior in the vicinity of the 
area border, i.e. the boundary basic elements. B-splines, 
the carriers of which belong to the domain closure, provide 
an approximation in some region that belongs to the area. 
Boundary basic elements satisfy the boundary conditions 
of the problem and also take into account the docking with 
the basic elements within the area. Th us, the method of 
construction of the basis is reduced to the construction of 
boundary basic elements.

Th e problem of constructing a basis based on cubic 
B-splines for approximation of functions, which are 
solutions of one-dimensional boundary value problems for 
an ordinary diff erential equation (ODE), is considered.

Possible cases of boundary conditions at a certain point 
1x  are considered.

One boundary condition can be written as follows:

 1

1 1 1
0 1 2 0( ) ( ) ( ) x xa u x a u x a u x b

    .              (3.1)

Th e two boundary conditions can be written as follows: 

1

1

1 1 1
0 1 2 1

2 2 2
0 1 2 2

( ) ( ) ( ) ,

( ) ( ) ( ) ,
x x

x x

a u x a u x a u x b

a u x a u x a u x b




    


   

             (3.2)

where  1 1 1
0 1 2, ,a a a  and  2 2 2

0 1 2, ,a a a  — linearly independent 
vectors.
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Th ree boundary conditions are written in the form

1
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                             (3.3)

where   1 1 1
0 1 2, ,a a a ,  2 2 2

0 1 2, ,a a a  і  3 3 3
0 1 2, ,a a a   —  linearly independent vectors.

Boundary conditions of the form (3.2) ( 2
2 0k  , 1

0 0k  ) and (3.3) can be 
brought to the following form:
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0 1 1

2 2
1 2 2

( ) ( ) ,

( ) ( ) ;
x x

x x

a u x a u x b

a u x a u x b




  


  

 

 
                                     (3.4)

1

1

1

1

2

3

( ) ,

( ) ,

( ) .

x x

x x

x x

u x b

u x b

u x b







 
  

 







                                                (3.5)

Th e given conditions can be reduced to homogeneous

 
1

1 1 1
0 1 2( ) ( ) ( ) 0x xk u x k u x k u x                                   (3.6)

1

1

1 1
0 1

2 2
1 2

( ) ( ) 0,

( ) ( ) 0;
x x

x x

k u x k u x

k u x k u x




  


  

                                       (3.7)

1

1

1

( ) 0,

( ) 0,

( ) 0.

x x

x x

x x

u x

u x

u x







 
  

                                                   

(3.8)

Th e problem of building a basis based on the cubic B-splines  i  with 
a carrier diameter 2h , to approximate functions that satisfy the boundary 
condition (3.6), or the boundary conditions (3.7), or (3.8) is considered.

Suppose that there is space for cubic splines of  defect 1 3,1( )S  , defi ned on

the segment 1 2,x x   , where 1 1 1 2, , ,...,
2
hx x x h x     

 
 — uniform segment

splitting 1 2,x x   .
B-splines, the carriers of which belong to the closure of the solution domain, 

remain unchanged (Fig. 3.1, bold lines).
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Th e method of constructing boundary basic elements that meet the 
boundary conditions (3.6—3.8) is considered. To do this, some function 

 2
1 2( ) ,x C x x      

such that 1( ) 0x  , 1 1( )x   , 1 2( )x    is taken.
Some function ( )F x  is considered. Th is function is decomposed in the 

vicinity of point 1x  as 2( ) ( ) ( )F x a x b x c      .
Th e function ( )F x  is necessary to decompose on a new basis that satisfi es 

the boundary conditions. Th e decomposition of the function ( )F x  on the 

standard basis of a cubic B-spline 
2

0
( )

n

i i
i

F x c


  is constructed. 
2

0
( ) i i

i
F x c



  
2

2 1
3

( ) ( )
n

i i
i

c f x f x


    (Fig. 3.2).

Th e function 1( )f x  remains unchanged. Th e construction of a function 
2( )f x  is considered. For this the decomposition of functions  21, ( ), ( )x x 

 
in

the vicinity of a point 1
3
2
hx   is constructed: 

5
0

3
1 i i

i
c 



 ;
5

1

3
( ) i i

i
x c 



 ;
5

2 2

3
( ) i i

i
x c 



  

Fig. 3.1. Graphs of cubic B-splines 

Fig. 3.2. Graphs of functions 1( )f x and 2( )f x
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such that

   
5( )

3 332 2

( )
j ji i

k kh hk
x c 



 , i, j = 0, 1, 2.

Th en the boundary basic elements can be taken in the form
5

3

1

1 1

1
3

3( ) , , ,
2(

,
2

)
, ,0

i i
k kk

i

hx c x x x
g x

hx xx



 

   

         
 



 0,1,2.i 

Functions  2
1 2( ) ,ig x C x x    .

Th e function 2( )f x  is taken in the form 2 2 1 0( ) ( ) ( ) ( )f x ag x bg x cg x   .

Function 
2

2 1 2 1 0
3

( ) ( ) ( ) ( ) ( ) ( )
n

i i
i

F x f x f x ag x bg x cg x c


      .

Th e case where the function ( )F x  satisfi es the condition 1
0 ( )k u x 

 
1

1 1
1 2( ) ( ) 0

x x
k u x k u x


     is considered. Since

 
1

( )2

3
0

in

k k
k

x

c 


 
 

 


 

and 
1

( )5

3
0

i
i
k k

k
x

c 


 
 

 
 , i = 0, 1, 2, 

then
 

   
 

1

1

1 1 1
0 1 2

1 2 1
0 1

1 2 1 1 1 2
2 0 1 1 2 1 2

( ) ( ) ( )

( ) ( ) 2 ( ) ( ) ( )

2 ( ( )) 2 ( ) ( ) ( ) (2 ( ) ) 0.

x

x

k F x k F x k F x

k a x b x c k a x x b x

k a x a x x b x k c k b k a b

    

      

   

      

         

It follows that
1 1 2

11 1 2 1 2
01

0
1 1

1 11 1 2 2
0 21 2

2 1
1 1
0 2

(2 ( ) ) , 0;

( ) , 0, 0;
2 ( )

0, 0, 0.

k b k a bc k
k

b k ka k k
k

b k k

  

 


  
  

     


  
Based on this, we have

1 1 2
1 1 2 1 2

2 2 1 01
0

1 2 1 1
12 1 1 1 2 2

2 0 1 0 01 1
0 0

(2 ( ) )( ) ( ) ( ) ( )

2 ( )( ) ( ) ( ) ( ) , 0,

k b k a bf x ag x bg x g x
k

k k ka g x g x b g x g x k
k k
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or
1 1
1 1 2 2

2 2 1 01 2
2 1

1 1
1 11 1 2 2

1 2 0 0 21 2
2 1

( )( ) ( ) ( ) ( )
2 ( )

( )( ) ( ) ( ), 0, 0,
2 ( )

b k kf x g x bg x cg x
k

k kb g x g x cg x k k
k

 


 



    

 
     

 
or

1 1
2 2 0 0 2( ) ( ) ( ), 0, 0.f x ag x cg x k k   

Th us, such set of functions:

 

1 2 1 1
12 1 1 1 2 2

2 0 1 0 01 1
0 0

1 1
1 11 1 2 2

1 2 0 0 21 2
2 1

1 1
2 0 0 2

2 ( )( ) ( ), ( ) ( ) , 0;

( )( ) ( ), ( ) , 0, 0;
2 ( )

( ), ( ) , 0, 0

k k kg x g x g x g x k
k k

k kg x g x g x k k
k

g x g x k k

  

 


 
   

 
     
 
  

can be considered as the fi rst two elements of the basis. Th ese functions satisfy 
the condition 

1

1 1 1
0 1 2( ) ( ) ( ) 0

x r
k u x k u x k u x


    .

Th e case when the conditions 
1 1
0 1 0
2 2
1 2 0

( ) ( ) 0,

( ) ( ) 0.
x

x

k u x k u x

k u x k u x




  


  

are satisfi ed is considered.
Th e function ( )F x  is required to meet this boundary condition.

Since 
1

( )2

3
0

in

k k
k

x

c 


 
 

 
 and 

1

( )5

3
0

i
i
k k

k
x

c 


 
 

 
 , i = 0, 1, 2,  then

    
 

1

1

1 1 1 2
0 1 0

1 1 1
1 0 1 1

( ) ( ) ( ) ( )

2 ( ) ( ) ( ) 0,
x

x

k F x k F x k a x b x c

k a x x b x k c k b

 

   

    

      

   
 

1

1

2 2 2
1 2 1

2 2 2 2 2
2 1 1 2 1 2

( ) ( ) 2 ( ) ( ) ( )

2 ( ( )) 2 ( ) ( ) ( ) (2 ( ) ) 0.
x

x

k F x k F x k a x x b x

k a x a x x b x k b k a b
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It follows that
1

11 1
01

0
1
0

2 2
21 1 2 2
22 2

2 1
2
2

, 0;

0 0;

( ) , 0;
2 ( )

0, 0.

k bc k
k

b k

b k ka k
k

b k



 



  


  

      

So,
2 2 1
1 1 2 2 1 1

2 2 1 02 2 1
2 1 0

2 2 1
1 21 1 2 2 1 1

1 2 0 0 22 2 1
2 1 0

( )( ) ( ) ( ) ( )
2 ( )

( )( ) ( ) ( ) , 0, 0,
2 ( )

b k k k bf x g x bg x g x
k k

k k kb g x g x g x k k
k k

  


  



    

 
     

 
1 2

2 2 0 2( ) ( ), 0, 0f x ag x k k   ,
or

1 2
2 0 0 2( ) ( ), 0, 0f x cg x k k   .

Given functions

 
 

2 2 1
1 21 1 2 2 1 1

1 2 0 0 22 2 1
2 1 0

1 2
2 0 2

1 2
0 0 2

( )( ) ( ) ( ) , 0, 0,
2 ( )

( ) , 0, 0,
( ) , 0, 0

k k kg x g x g x k k
k k

g x k k
g x k k

  


 
    

 


 
  

can be taken as the fi rst elements of the basis. Th ey meet the conditions

1

1

1 1
0 1

2 2
1 2

( ) ( ) 0,

( ) ( ) 0.
x

x

k u x k u x

k u x k u x

  


  
Th e case  when the conditions

0

0

0

( ) 0,
( ) 0,
( ) 0.

x

x

x

u x
u x
u x







 

 

  

are met is considered.
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Th e function ( )F x  is required to meet this boundary condition. Since

 
1

( )2

3
0

in

k k
k

x

c 


 
 

 
  and

1

( )5

3
0

i
i
k k

k
x

c 


 
 

 
 , i = 0, 1, 2, 

then

 
11

2( ) ( ) ( ) 0xx
F x a x b x c c      ,

 
1 1

1( ) 2 ( ) ( ) ( ) 0x x
F x a x x b x b         ,

 
1

1

2 2
1 2( ) 2 ( ( )) 2 ( ) ( ) ( ) 2 ( ) 0x x

F x a x a x x b x a b              .

It follows that 0a b c   , that is 2( ) 0f x  .
Th e theorem on the completeness of a basis consisting of cubic B-splines 

and boundary basic elements is proved for the described method of boundary 
basic elements construction. Without limiting the unifi cation, for the sake of 
simplicity, we will consider 1 0x  .

Th eorem 3.1.
In the case when function ( )x x  , any function from the spline functions 

3,1( )S   space, corresponding to the boundary condition (3.6), the boundary 
conditions (3.7) or (3.8) at point 1 0x  , can be accurately decomposed on a 
basis consisting of B-splines and boundary basic elements.

Proof.
Th e following decompositions:

2
0

0
1

n

i i
i

c 


 ,
2

1

0

n

i i
i

x c 


 , 
2

2 2

0

n

i i
i

x c 


  

are considered. Th en 
2

0
( ) , 0,1, 2i

i k k
k

g x c i


  .

Arbitrary function from the space of spline functions 3,1( )S   can be given

in the form 
2

0

n

i i
i

c

 . Assume that

2 2 2 2 2
2 1 0

0 0 0 0 3

n n

i i i i i i i i i i
i i i i i

c a c b c c c c    
    

        .
Th en

2 2 2 2
2 1 0

0 0 0 0
i i i i i i i i

i i i i
c a c b c c c   

   

      .

Functions i ,  i = 0, 1, 2  — linearly independent, then 2 1 0
i i i i i i i ic ac bc cc      , 

i = 0, 1, 2. Once each equation is divided into i , the following system 
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of linear equations is obtained:
2 1 0
0 0 0 0
2 1 0
1 1 1 1
2 1 0

22 2 2

c c c a c
c c c b c

c cc c c

    
        
    

    

.

Denote the matrix of this system as C. Matrix columns C — are  linearly 
independent because the functions {1, x, x2} — are  linearly independent. 
Th erefore det 0C , hence, there is 1C . Th en

0
1

1

2

a c
b c
c c



   
      
   
   

C .

So it is always possible to introduce
2 2 2 2 2

2 1 0

0 0 0 0 3

n n

i i i i i i i i i i
i i i i i

c a c b c c c c    
    

        .

It is required for the boundary conditions of the form (3.6), (3,7), or (3.8) 
to be met at a point 1 0x   from an arbitrary function from the space of spline 
functions 3,1( )S  . We have

2 2 2
1 1 1
0 1 2

0 0 0
0

0;
n n n

i i i i i i
i i i

x

k c k c k c  
  



 
          
   

  

2 2
1 1
0 1

0 0
0

2 2
2 2
1 2

0 0
0

0,

0;

n n

i i i i
i i

x

n n

i i i i
i i

x

k c k c

k c k c

 

 

 


 


       
      

     
   

 

 

2

0 0

2

0
0

2

0
0

0,

0,

0.

n

i i
i x

n

i i
i

x

n

i i
i

x

c

c

c
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Taking into account that 
2 2 2 2 2

2 1 0

0 0 0 0 3

n n

i i i i i i i i i i
i i i i i

c a c b c c c c    
    

        , it

is possible to come to the conditions

1 1
11 2
01

0
1

1 11
0 21

2
1 1
0 2

2 , 0,

, 0, 0,
2

0, 0, 0;

k b k ac k
k

bka k k
k

b k k

 
  


    

   



     

1
11
01

0
1
0

2
21
22

2
2
2

, 0,

0 0;

, 0,
2

0, 0;

k bc k
k

b k

bka k
k

b k


  


  

     

      0a b c   .

Th is coincides with the derived conditions at 1

2

1;
0.





 

So, the theorem is proved.

3.2. Construction of boundary basic elements 
for approximation of functions satisfying 
the homogeneous Dirichlet boundary condition 
in the two-dimensional case 

Th e problem of constructing a basis based on cubic B-splines for the approxi-
mation of functions satisfying the homogeneous Dirichlet boundary condition 
for the two-dimensional case is considered. 

Suppose that the area of the problem approximation is  , for which — 
smooth border of the area described by the inequality ( , ) 0x y  , where 

 2( , )x y C   , ( , ) 0x y

 , 0 ( , )x y   . A basis consisting of cubic

B-splines  , 0, ...,i i N   is considered. Number the basic elements as follows: 
elements i , i=0, …, n  are the elements whose carriers cross the border of the 
area  , and elements i , i=n+1, …, N  are the elements, the carriers of which 
belong to the set  .

Th e following expansions of functions ( , ), 0, ..., 3k x y k   in the area  :

,
0

( , ) , 0, ..., 3
N

k
i k i

i
x y c k 



   are considered using, for example, the least squares 

method. Assume that ,
0

( , ) , 0, ..., 3
N

k i k i
i

x y c k 


  .

Suppose that some area : supp , 0,..,i i n       has an 
equation ( , ) 0x y   for which 2Ñ   is area border  , ( , ) 0x y


  ,

 2( , )x y C   , 0 ( , )x y    .
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Assume
 

2

( , ),( , ) ( / );
( , )

0,( , )
x y x y

x y
x y

   
   

 

Th e functions 

3
2 ,

0
3

2

( , ) ( , )
( , ) , 0...3

( , ) ( , )

N
k

i k i
i

k k

x y c x y
x y k

x y x y

  


 


 
 

  



 are con-

sidered.

Assume that *( , ) ( , ) ( , )k k kx y x y x y    . Th en

 

 

3
2 ,

0
, 3

0 2

3 3
2 , 2 ,

0 0
3

2

3 3
2 , 2 ,

0 0

( , ) ( , )
( , )

( , ) ( , )

( , ) ( , ) ( , ) ( , )

( , ) ( , )

( , ) ( , ) ( , )

N
k

i k in
i

k i k i k
i

n N
k k

i k i i k i
i i

k

n n
k

i k i i k i
i i

x y c x y
x y c

x y x y

x y x y c x y c x y

x y x y

x y x y c x y c

  
 

 

     

 

    





 

 

 
 

   


 
   

  



 








 

 

3 3
2 , 2

1
3

2

( , ) ( , ) ( , )
;

( , ) ( , )

N
k

i k i
i n

k

x y c x y x y

x y x y

   

 
 


 



 
  

 




3 3
, 2 , 2

0 1
3

2

( , ) ( , ) ( , ) ( , )
( , )

( , ) ( , )

n N
k k

i k i i k i
i i n

k k

x y c x y c x y x y
x y

x y x y

     


 
   

 




 
.  (3.9)

Functions  * 2( , ) (x y C    
Assertion 3.1.

 * ,
0, 0,..., 1, 1,..., 3.

i
k

i

x y
i k k

n





   


 

Proof.
Consider

3 3
, 2 , 2

0 1
3

2

( , ) ( , ) ( , ) ( , )
( , )

( , ) ( , )

n N
k k

i k i i k i
i i n

k k

x y c x y c x y x y
x y

x y x y
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3
3, 2 ,

0 1 2
3 3 3

2 2 2

( , ) ( , )
( , ) ( , ) .

( , ) ( , ) ( , ) ( , ) ( , ) ( , )

n N
k

ki k i i k i
i i n

k k k

x y c x y c
x y x y

x y x y x y x y x y x y

   
 

     
    

  

 

Th en
3

, 2 ,
0 1

3 3
2 2

( , ) ( , )

( , ) ( , ) ( , ) ( , )
( , )

n N
k

i k i i k i
i ii i n

k k

i
k

i i i

x y c x y c

x y x y x y x y
x y

n n n

   

   


  



   
   
    

    
         

  

 

3
2

3
2

( , ) ( , )
( , ) ( , )

.

k
i

k

i

x y x y
x y x y

n

 
 
 

   


Each component of the right-hand side of this equation is calculated:
   
   

3
2

3
2

, ,
, ,

0, 0,..., 1, 1,..., 3

k
i

k

i

x y x y
x y x y

i k k
n

 
 
 

        


for  ,x y  , since the the function 
3

2
3

2

( , )
( , ) ( , )k

x y
x y x y


 



 is limited; simi-

lary, 

 
   

3
2 ,1

3
2

,
, ,

0, 0, ..., 1, 1, ..., 3

N
i k ii i n

k

i

x y c
x y x y

i k k
n

 
 

 
 
 
 
     





 for  ,x y  ,

since  the function 
3

2
3

2

( , )
( , ) ( , )k

x y
x y x y


 



 is limited, and  

,
1 0,

N
i

i k i
i n

i

c
i

n


 

 
  
   




;

 
   

,0
3

2

,
, ,

0, 0,...,  1, 1, ..., 3

nk
i k ii i

k

i

x y c
x y x y

i k k
n

 
 


 
 
 
     





 for  ,x y  , since

the function 
,

0
3

2( , ) ( , )

n

i k i
i

k

c

x y x y



 







 is limited. 
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So,

 * ,
0, 0, ..., 1, 1, ..., 3

i
k

i

x y
i k k

n





   


. 

Th e assertion is proved. 
Assume that

     
 

*

0

, ,
, ,

,
i kk

i n
ii

x y x y
x y

x y

 








 0, ..., , 0, ..., 3.i n k               
                       (3.10)

Functions ( , )k
i x y  can be taken as elements of the basis.

Suppose that there’s a decomposition of some function ( , )F x y  in the area 

0 1
( , )

n N

i i i i
i i n

F x y c c 
  

   .

Th is function can be decomposed on a new basis

3

,
0 0 1

( , )
n N

k
i k i i i

i k i n
F x y c c 

   

   .

Th e function ( , )F x y  is required to satisfy the homogeneous Dirichlet

boundary condition 
3

,
0 0 1

( , ) 0
n N

k
i k i i i

i k i n
F x y c c 


    

 
   
 
  . Elements  ,i

 1,...,i n N    satisfy this condition. Function

     
 

*

0

, ,
, , 0,...,

,
i kk

i n
ii

x y x y
x y i n

x y

 





 


 

is considered.
We have      *, , , , 0,..., .k

i i kx y x y x y i n  
 
   Besides,  ,i x y




, 0,...,i n   . According to  statement 3.1.  * , 0, 1,..., 3.k x y k

 

 
It follows that 

3
0

, ,0
0 0 1 0

n N n
k

i k i i i i i
i k i n i

c c c
     

 
  

 
      . 
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From the condition, 
3

,
0 0 1

0
n N

k
i k i i i

i k i n
c c

    

 
  

 
     it turns out that 

0
,0

0
0

n

i i
i

c
 

   .
 
Since the function 0 ( , ) 0i x y


 , then ,0 0, 0,...,ic i n  .

Th us, the functions of the form 
3

,
0 1 1

n N
k

i k i i i
i k i n

c c
   

 
 

 
     satisfy the homoge

neous Dirichlet boundary condition.

Fig. 3.3. Graph of the analytical solution of the boundary value problem 
(3.11) in the form of lines of constant level on the plane xOy

Fig. 3.4. Graph of function 
1

*( , )x y  for the boundary value problem 
(3.11) in the form of lines of constant level on the plane xOy
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Th e given method is considered in the following example:

2 2

2 2 2

2 2 2

1

25 sin(5 )( 1) 40 cos(5 ) 4sin(5 )
25 sin(5 )( 1);

0.
x y

u x xy x y xy xy xy
y xy x y

u
 

        




    (3.11)

Th e analytical solution of this problem is a function
2 2sin(5 )(1 )u xy x y   .                                      (3.12)

Fig. 3.5. Graph of function *
2 ( , )x y  for the boundary value problem 

(3.11) in the form of lines of constant level on the plane xOy

Fig. 3.6. Graph of function *
3 ( , )x y  for the boundary value problem 

(3.11) in the form of lines of constant level on the plane xOy
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Fig. 3.3 shows the analytical solution of the problem (3.11). 
Fig. (3.4—3.6) show graphs of functions  * , , 1, 2, 3k x y k   for the bound-

ary value problem (3.11). Fig. 3.7, and 3.8 show the results of numerical calcula-
tions using the least squares method for a grid of 19×19 B-splines constructed 
for a square 1,1 1,1 .          

Fig. 3.7. Graph of the function of the diff erence modulus of the analytical 
solution of the problem (3.11) and the approximation problem solution 
of the function (3.12) by the method of least squares

Fig. 3.8. Graph of the function of the diff erence modulus of the analytical 
and numerical solution of the problem (3.11) with the involvement of 
the given approach by the least squares method
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3.3. Software description

To solve boundary value problems using the method of construction of bound-
ary basic elements proposed in the chapter, programs «Boundary basis ele-
ments problem 1D» and «Boundary basis elements problem 2D» have been 
developed.

Th ese programs are written in the language C++ using MFC libraries and 
consist of the following modules:

• input information processing module;
• a module of separation of «boundary» and «internal» elements of the 

basis;
• basic elements formation module;
• module for forming a system of linear equations;
• integral calculation module;
• module for solving a system of linear equations;
• results visualization module.
In the basic elements formation module basic splines of the 3rd and 5th 

orders are realized as indefi nite components of the solution structure [1,10, 28, 
44]. Standard basic splines are used as internal basic elements, and boundary 
basic elements are formed using the approach proposed in this chapter.

In the module for forming a system of linear equations, the matrix of the 
system of linear equations is formed using the least squares method and the 
Bubnov — Galerkin method [42, 43]. 

Th e Gauss method [14] is realized in the integral calculation module on 
k  points where k =1, 2, ..., 10 In the module for solving the system of linear 
equations, the Gauss method with the choice of the principal element over the 
whole matrix and the Seidel method of the system of linear equations solution 
are implemented [14].

When solving boundary value problems using variational methods such 
as the least squares method, the Ritz method, and others, it is necessary to fi nd 
the elements of the system of linear equations matrix that are integrals. In these 
integrals, the subintegral function depends on the basic elements and the op-
erator of the boundary value problem. When using standard B-splines as basic 
elements, for diff erential equations, the operator of which is a linear combina-
tion of the function itself and its various derivatives, the elements of the system 
of linear equations matrix will be repeated and can be calculated accurately. 
Th erefore, the use of a basis consisting of standard B-splines and boundary ba-
sic elements reduces the counting time and reduces the accumulation of errors.
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Th is chapter presents the results of numerical calculations 
of test and model boundary value problems using the pro-
posed constructive means of structural methods and deve-
loped approaches to solving boundary value problems in 
areas of complex shape, also shows solutions of approxima-
tion problems using diff erent solution structures.

4.1. Solution structures usage 
for functions approximation

4.1.1. Approximation of smooth function f(x, y) = x, y  

Th e problem of approximation of the function ( , )f x y xy  
(Fig. 4.1) is solved by the least squares method for two 
domains 1 0,1 0,1          and 2 1,1 1,1           by us-
ing the structure ( , ) ( , ) ( , )kf x y x y P x y , where ( , )x y 

0x y  , 
1

( , ) ( , )
k

k i i
i

P x y c x y


 ,  ( , )i x y  — cubic B-spli-

nes. In the domain, 1  we take 81k  , in the domain 2   
suppose 169k  . 

Fig. 4.2 and 4.3 show graphs of the functions of the dif-
ference modulus between the solutions of the approxima-
tion problems and the function ( , )f x y xy   in domains 

1 0,1 0,1           and 2 1,1 1,1           . 
Th e analysis of the fi gures shows that when the level 

lines of the smooth function in the approximation domain 
form the input angle, the approximation properties of the 
sheaf of functions ( , ) ( , )kx y P x y    are signifi cantly reduced.

4.1. 2. Approximation of the function 
f(x, y) = f

11
(x, y) f

12
(x, y) 

Th e approximation of the function 11 12( , ) ( , ) ( , )f x y f x y f x y   
(Fig. 4.4) in the domain        1,1 1,1 / 1,0 1,0        , 
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where
3

11

0,,
( , )

0;,
yx y

f x y
yx

   
   

3

12

0,,
( , )

0,
xy x

f x y
xy

   
 

is considered.
Th e solution of this problem was obtained using the least squares method 

in two ways. In the fi rst case, the structure ( , ) ( , ) ( , )ku x y x y P x y  was used,
where 0( , )x y x y   , 

1
( , ) ( , )

k

k i i
i

P x y c x y


 , 169k  ,  ( , )i x y  — cubic 

Fig. 4.1. Graph of the function ( , )f x y xy   in the form of lines of con-
stant level on the plane xOy  

Fig. 4.2. Graph of the diff erence modulus between the function 
( , )f x y xy   and the solution of the approximation problem in the do-

main 1   in the form of lines of constant level on the plane xOy  
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B-splines. Th e graph of the diff erence modulus of the solution of the approxima-
tion problem and the function 11 12( , ) ( , ) ( , )f x y f x y f x y   is shown in Fig. 4.5. 

In the second case, the structure

1 1, 2 2,( , ) ( , ) ( , ) ( , ) ( , )k kf x y x y P x y x y P x y    

is used, where 1( , )x y xy  ,

2 21 22( , ) ( , ) ( , )x y f x y f x y  , 
3

11

0,,
( , )

0,,
yx y

f x y
yx

   
 

3

12

0,,
( , )

0,,
xy x

f x y
xy

   

Fig. 4.3. Graph of the diff erence modulus between the function 
( , )f x y xy   and the solution of the approximation problem in the do-

main 2  in the form of lines of constant level on the plane xOy  

Fig. 4.4. Graph of the function 11 12( , ) ( , ) ( , )f x y f x y f x y   in the form of 
lines of constant level on the plane xOy  
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1

1, ,
1

( , ) ( , )
k

k l i i
i

P x y c x y


 , 1 2 162k k  , ( , )i x y  — cubic B-splines. A graph of 
the diff erence modulus function of the solution of the approximation problem 
and the function 11 12( , ) ( , ) ( , )f x y f x y f x y   is shown in  Fig. 4.6.

Analysis of the fi gures shows that for this problem the structure 
1 1, 2 2,( , ) ( , ) ( , ) ( , ) ( , )k kf x y x y P x y x y P x y    has a much higher approximation 

capacity. 

Fig. 4.5. Graph of the diff erence modulus between the function
11 12( , ) ( , ) ( , )f x y f x y f x y  and the approximation problem solution in-

volving the structure ( , ) ( , ) ( , )ku x y x y P x y   in the form of lines of 
constant level on the plane xOy  

Fig. 4.6. Graph of the diff erence modulus between the function 
11 12( , ) ( , ) ( , )f x y f x y f x y   and the approximation problem solution 

involving the structure 1 1, 2 2,( , ) ( , ) ( , ) ( , ) ( , )k kf x y x y P x y x y P x y    in 
the form of lines of constant level on the plane xOy
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4.2. Implication of structures for analysis of boundary 
value problems solutions approximation ability

4.2.1. A model example of a boundary value problem

Th e following boundary value problem in the domain    0,1 0,1     is con-
sidered:

2( , ) 2 sin( )sin( ), ( , ) ,
( , ) 0.
u x y x y x y

u x y
  



   
 

 

Fig. 4.7. Graph of the function    ( , ) sin sinu x y x y    in the form 
of lines of constant level on the plane xOy  

Fig. 4.8. Graph of the function of the diff erence modulus of the analytical 
and numerical solution using the structure 1( , ) ( , ) ( , )ku x y x y P x y   
in the form of lines of constant level on the plane xOy  
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Analytical solution of this problem —    ( , ) sin sinu x y x y   (Fig. 4.7).
Th e solution of this problem was obtained using the least squares me-

thod and the structure ( , ) ( , ) ( , )ku x y x y P x y , where
1

( , ) ( , )
k

k i i
i

P x y c x y


 , 
121k   ,  ( , )i x y   — cubic B-splines.  

   1 0( , ) (1 ) (1 )x y x x y y      and 2( , ) (1 )(1 )x y xy x y     are used as 
a function of ( , )x y .

Fig. 4.8, and 4.9 show graphs of the functions of the diff erence modulus of 
analytical and numerical solutions for the weight functions 1( , )x y   (Fig. 4.8) 
and 2( , )x y   (Fig. 4.9).

Fig. 4.9. Graph of the function of the diff erence modulus of the analytical 
and numerical solution using the structure 2( , ) ( , ) ( , )ku x y x y P x y   
in the form of lines of constant level on the plane xOy  

Fig. 4.10. Graph of the function 1( , )f x y   in the form of lines of constant 
level on the plane xOy  
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Th e analysis of the fi gures shows that for this problem the structure of the 
solution ( , ) ( , ) ( , )ku x y x y P x y  when using the function 2( , )x y   has a much 
higher approximation capacity. 

4.2.2. Approximation of a function from the  system of R-operations Rk

Th e problem of approximation of the function

   ( , ) (0.5 ) (0.5 ) (1 ) (1 )
k k k

kf x y x y x x y y             
   

 

Fig. 4.11. Graphs of the functions: а — the approximation problem so-
lution using the structure 1 1 2 2( , ) ( , ) ( , ) ( , ) ( , )f x y x y P x y x y P x y   ; 
b — the diff erence modulus of the function 1( , )f x y   and the approxi-
mation problem solution
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is considered. Th e solution structure is be taken in the form

1 1, 2 2,( , ) ( , ) ( , ) ( , ) ( , )k kf x y x y P x y x y P x y   , 

where
1

1, ,
1

( , ) ( , )
k

k l i i
i

P x y c x y


 , 1 2 144k k  , ( , )i x y  — cubic B-splines,

Fig. 4.12. Graph of the function 2( , )f x y   in the form of lines of constant 
level on the plane xOy  

Fig. 4.13. Graphs of the functions: а — the approximation problem so-
lution using the structure 1 1 2 2( , ) ( , ) ( , ) ( , ) ( , )f x y x y P x y x y P x y   ; 
b — the diff erence modulus of the function 2( , )f x y   and the approxi-
mation problem solution (see also page 99)
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1 1( , ) (1 ) (1 ) (0.5 , 0.5 )x y x x y y f x y      , 

2 2( , ) (1 ) (1 ) (0.5 , 0.5 )x y x x y y f x y      ,
2 3 2 3

1( , ) 0,1
2

x x x y y y
f x y xy

  
  ,

2 3 2 3

2( , ) 0,2
2

x x x y y y
f x y xy

  
  .

End of Fig. 4.13. 

Fig. 4.14. Graphs of the function 2 2 2( , ) 1000sin ( )sin ( )( 1)u x y x y xy x y      
in the form of lines of constant level on the plane xOy  
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Fig. 4.15. Graph of the function of the diff erence modulus of the ana-
lytical and numerical solution in the form of lines of constant level on 
the plane xOy  

Fig. 4.16. Graph of the modulus of discrepancy of a numerical solution 
in the form of lines of constant level on a plane xOy  

Fig. 4.10 and 4.12 show the graphs of functions 1( , )f x y   and 2( , )f x y , re-
spectively. Fig. 4.11 and 4.13 show the results of numerical experiments.

Th e analysis of the fi gures shows that the structure ( , )f x y   
1 1 2 2( , ) ( , ) ( , ) ( , )x y P x y x y P x y    has a high approximation capacity also for 

functions in which the curves formed by the zeros of these functions do not 
extend inside the area.
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4.2.3. Test boundary value problem 
that has an analytical solution

Th e following test boundary value problem in the domain    0,1 0,1     is 
considered:

2 2 2 2 2

2 2 2 2 2 2

2 2 2 2 2 2

2 2 2

( , ) 8000sin ( )sin ( ) 8000cos ( )sin ( )( 1)
24 000sin ( )cos ( )( 1) 32000sin ( )sin ( )( 1)

24 000cos ( )sin ( )( 1) 8000sin ( )cos ( )( 1)
32 000sin ( )sin ( )( 1) 16 000cos( )sin(

u x y x y x y x
x y x x y x

x y y x y y
x y y x

    

    

    

   2

2 2 2 2 2 2

2 2 2 2 2 2 2 2

2 2 2 2

2

)sin ( )(2 2)
16 000sin ( )cos( )sin( )(2 2) 8000cos ( )cos ( )( 1) ( 1)
16 000cos ( )sin ( )( 1) ( 1) 16 000sin ( )cos ( )( 1) ( 1)
24 000sin ( )sin ( )( 1) ( 1)
16 000cos( )sin( )cos

x y x
x y y y x y x y
x y x y x y x y
x y x y

x x

 

     

      

   

 2

2 2

2 2

2 2

( )(2 2)( 1)
48 000cos( )sin( )sin ( )(2 2)( 1)
16 000cos ( )cos( )sin( )(2 2)( 1)
48 000sin ( )cos( )sin( )(2 2)( 1)
32 000cos( )sin( )cos( )sin( )(2 2)(2 1);
( , ) 0;

( , ) 0.

y x y
x x y x y
x y y y x
x y y y x

x x y y y x
u x y

u x y
n







   

   

   

   
  

































Fig. 4.14. show the analytical solution of this problem is the function
2 2 2( , ) 1000sin ( )sin ( )( 1)u x y x y xy x y    .   

Th e solution of this problem was obtained using the least squares method
and the structure 2( , ) ( , ) ( , )ku x y x y P x y , where

1
( , ) ( , )

k

k i i
i

P x y c x y


 , k = 121,

 ( , )i x y  — B-splines of the fi ft h order, ( , ) (1 )(1 )x y xy x y    .
Fig. 4.15 shows the function of the diff erence modulus of the numerical and 

analytical solution. Fig. 4.16 shows the discrepancy of the numerical solution, 
where the discrepancy is the diff erence between the problem operator, which is 
applied to the numerical solution, and the right side of the equation.
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4.2.4. Implication of boundary basic elements 
to solve boundary value problems

Th e following boundary value problem on the segment 0,1    is considered:

2

0

1

"( ) sin( ), (0,1),
( ) 0,
( ) 0.

f x x x
f x
f x

    



 

 

Analytical solution of this problem — ( ) sin( )f x x .
To solve this, the least squares method and the Bubnov — Galerkin method 

[40, 41] are applied for a basis with boundary basic elements.
Th e problem of the function ( ) sin( )f x x   approximation using the least 

squares method for a basis with boundary basic elements and a standard basis 
of a cubic spline is solved.

Fig. 4.17—4.22 show the results of numerical experiments for diff erent 
numbers of basic elements.

Th e analysis of the fi gures shows that for this problem, the boundary basic 
elements do not impair the approximation ability of the B-splines when redu-
cing the diameter of the carriers of the boundary basic elements. 

Fig. 4.17. Graphs of the diff erent  functions of the analytical and numer-
ical solutions of the boundary value problem obtained using 21 basic 
elements: а — by the least squares method; b — by the Bubnov — Galer-
kin method
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Fig. 4.18. Graphs of the diff erence between  the function ( ) sin( )f x x   
and the approximation problem solutions using: а — 21 basic elements, 
which include boundary basic elements; b — 23 B-splines

Fig. 4.19. Graphs of the diff erence functions of the analytical and nu-
merical solutions of the boundary value problem obtained using 41 basic 
elements: а — by the least squares method; b — by the Bubnov — Galer-
kin method
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Fig. 4.20. Graphs of the diff erence between  the function ( ) sin( )f x x   
and the approximation problem solutions using: а — 41 basic elements, 
which include boundary basic elements; b — 43 B-splines

Fig. 4.21. Graphs of the diff erence functions of the analytical and nu-
merical solutions of the boundary value problem obtained using 81 
basic elements: а — by the least squares method; b — by the Bubnov — 
Galerkin method
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4.3. Examples of some boundary 
value problems solving

4.3.1. Torsion of a square prism

To solve the square prism torsion problem, it is necessary to solve the fol-
lowing boundary value problem in some domain Ω. Domain Ω has the form

(0,1) (0,1)   .
( , ) 2, ( , ) ;

( , ) 0.
u x y x y

u x y


   
 

 

Fig. 4.23 shows the analytical solution of this problem, which has the form [17]

    
3

31

2 1 0.5 sin(2 1)8( , ) (1 )
2 1(2 1)

2
i

ch i y i x
u x y x x

ii ch

 
 





  
  

   
 

 .  

To solve this problem, the least squares method and the structure
( , ) ( , ) ( , )ku x y x y P x y  were used, where

1
( , ) ( , )

k

k i i
i

P x y c x y


 , 81k  ,

 ( , )i x y  — cubic B-splines.  

Fig. 4.22. Graphs of the diff erence between the function ( ) sin( )f x x  
and the approximation problem solutions using: а — 81 basic elements, 
which include boundary basic elements; b — 83 B-splines
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   1 0( , ) (1 ) (1 )x y x x y y      and 2( , ) (1 )(1 )x y xy x y      were used
as a function ( , )x y . Fig. 4.24, and 4.25 show graphs of functions of diff erence 
moduli of the analytical and numerical solutions for weight functions 1( , )x y   
(Fig. 4.24) and 2( , )x y  (Fig. 4.25).  

Th e analytical solution of the problem is a function of class 2( )C   . 
1( )C  .Th e fi gures analysis shows that for this problem the use of a smooth 

Fig. 4.23. Graph of a function that is an analytical solution of the square 
prism torsion problem in the form of lines of constant level on the plane 
xOy  

Fig. 4.24. Graph of the function of the diff erence modulus of the analyti-
cal and numerical solution using the structure 1( , ) ( , ) ( , )ku x y x y P x y   
in the form of lines of constant level on the plane xOy  
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weight function leads to a more accurate result than the use of a non-smooth 
weight function.

4.3.2. Solution of a real practical problem

Th e design element of the retention compartment model cross-section is con-
sidered (Fig. 4.26). Th e retention compartment is given in the form of a cyl-
inder with stiff eners. A model cross-section of the retention compartment is 
constructed (Fig. 4.27).

Th e radius of the retention compartment and the wall thickness are charac-
terized by the values r2, and r3. Th e stiff ener thickness is characterized by values 
r1,r2,r3, and r4. Th e stiff ener width is described by the angle α. 

First, normalized equations of two cylinders are constructed.
For the fi rst cylinder: 2 2

1 3( , )f x y r x y    , 2 2
2 2( , )f x y x y r   .

For the second cylinder: 2 2
3 4( , )f x y r x y   , 2 2

4 3 1( , )f x y r x y r    .
Th en the equations of the fi rst and second cylinders will look like 

1 1 2( , )x y f f     and 2 3 4( , )x y f f   , respectively.
Next, a normalized equation of a sector with an angle    is constructed:

5 2
( , )

1
y kxf x y
k





, 6 2
( , )

1
y kxf x y
k





, 

where 

2
k tg     

 
  , 3 5 6( , )x y f f    .

Fig. 4.25. Graph of the function of the diff erence modulus of the analyti-
cal and numerical solution using the structure 2( , ) ( , ) ( , )ku x y x y P x y  
in the form of lines of constant level on the plane xOy  
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And later, a normalized equation for one stiff ener is constructed

4 2 3( , )x y    .

Th en the equation of the model cross-section of the  retention compartment 
with one stiff ener will have the form X ω(x, y) = ω1ω4. Th e graph of this func-

Fig. 4.26. Retention compartment Fig. 4.27. Model cross-section of the re-
tention compartment with one stiff ener

Fig. 4.28. Equation of the model cross-section of the retention compartment with one 
stiff ener normalized up to the 9th order, at а — 10n   and 10k   and at b — 1n   and

10k   
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tion using the developed system of R-operations (2.22) at diff erent values of 
parameters n and k is shown in Fig. 4.28.

A symmetrical structure with two stiff eners placed opposite each other is 
considered.

Th e equation of the model cross-section of the retention compartment with 
two stiff eners will have the form     1 2 3 4 7 8( , ) ( )x y f f f f f f       , 
where

7 2
( , )

1

y k x
f x y

k





 , 8 2

( , )
1

y k x
f x y

k




  
, 

where

 
2

k tg     
 

.

Th e graph of this function using the developed system of R-operations 
(2.22) at diff erent values of the parameters n and k is shown in Fig. 4.29.

Th us, a new system of parametric R-operations, which was developed in 
Chapter 2, is processed on the real problem.

Numerical calculations of test and model problems showed the eff ective-
ness of new constructive tools of structural methods and approaches to solve 
boundary value problems.

Fig. 4.29. Equation of the model cross-section of the retention compartment with two 
stiff eners normalized up to the 9th order, at: а — 10n  , 10k  ,  b — 1n  , 10k    
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Nowadays, the most common method of mathematical mod-
eling of hydrodynamics problems in technical objects is based 
on the numerical solution of the system of Navier—Stokes 
diff erential equations in partial derivatives, which describe 
the motion of a viscous Newtonian fl uid. In this chapter, vari-
ational methods are used together with structural ones to 
solve boundary value problems of hydrodynamics, and the 
results obtained in the previous chapters are used as well.

5.1. Mathematical modeling 
of hydrodynamic processes using 
the R-function method for flat channels

In the two-dimensional case, the calculation of fl ows can be 
performed based on  equations for the function of stream 
and vortex, as well as based on  the Poisson equation for 
static pressure [65—67]. Also, in the two-dimensional case, 
the vortex equation can be excluded from the system, and 
the system of Navier — Stokes equations can be reduced to a 
sequence of equations for the stream function and static 
pressure [11—13, 65—67].

5.1.1. Problem statement for the velocity field

Th e fl at steady fl ow of a viscous incompressible fl uid is 
described by a system of Navier—Stokes equations [70]

1 0
Re

x x
x y x

V V PV V V
x y x

  
    

  
,               (5.1)

1 0
Re

y y
x y y

V V PV V V
x y y

  
    

  
,              (5.2)

0








y
V

x
V yx ,                               (5.3)

where (5.1), (5.2) — equation of motion, (5.3) — the equation 
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of continuity of motion, Re — Reynolds number, (Vr, Vz) —  velocity vector, P — 
static pressure.

Th e system of equations (5.1)—(5.3) can be reduced using the stream

function  , which is determined from the relations 
y

Vx 


 , 
x

Vy 


 , to

the nonlinear diff erential equation in partial derivatives of the 4th order 
concerning  the stream function   [70]:

1 0
Re y x x y

   
     

   
.                        (5.4)

To describe the motion of a viscous incompressible fl uid in the channel, in 
addition to the diff erential equation,  boundary conditions are required. Suppose 
the problem is to be solved in an area  , for which   — its border. Regions 
of the area borders may correspond to the solid walls of the channel, the entrance 
to the channel, and the exit from it. Th e boundary conditions for equation (5.4) 
follow from the adhesion condition on a solid wall and given velocity at the 
entrance (exit).

On the region of the border sw , corresponding to the solid wall, we have

 the adhesion condition 0, 0x yV V
y x

  
       

, from which it follows

that on sw :   0, 

 

,   0, 

 n
n


, where 


 — tangent

 vector to sw , n  — normal vector to sw .  Since 0



 on sw , then along the

curve, sw  the stream function does not change, i.e. const  on sw .
Th e velocity distribution, which determines the steam function, is set at the 

entrance to the channel. If the velocity distribution at the exit is known (for 
example, the stationary laminar Poiseuille fl ow), then it can also be set.

5.1.2. Problem statement for the static pressure field

From the system of Navier — Stokes equations (5.1—5.2), aft er diff erentiation 
of (5.1) by x, and (5.2) by y, we have

2 2 2 3 32

2 2 3 2
1 0

Re
yx x x x x x

x y

VV V V V V VPV V
x x y y xx x x y x

        
                   

,

22 2 3 32

2 2 2 3
1 0

Re
y y y y y yx

x y

V V V V V VV PV V
y x x y y y y x y y

        
                      

.
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If we add these two equations and add similar terms, taking into account 
(5.3), we obtain

2 y yx x
V VV VP

x y x y
   

   
      

Th is equation can be rewritten concerning  the stream function   as 
follows:

22 2 2

2 22P
x yx y

                  
.
                      

(5.5)

Th e boundary conditions for this equation are considered. From Navier—
Stokes equations (5.1)—(5.2) we have: 

1
Re

x x
x x y

V VP V V V
x x y

  
       

,

1
Re

y y
y x y

V VP V V V
y x y

  
    

   
.

From   nP
n
P ,



, then on sw , taking into account the adhesion condition

 (Vx = 0, Vy = 0), we obtain:

1 1 1 1, , (( , ), )
Re Re Re Rex y x y n

P V V n V V n V
n

              

  ,

where nV  — projection of the velocity vector on the normal vector n  to sw .
Suppose that sw  (solid wall) is described by the equation sw(x, y) = 0, 

where sw(x, y) is a function normalized up to the fi rst order, i.e.

( , ) 1
sw

sw x y
n 





,

where n  — normal vector to Гsw. Th en

n
sw swV

y x x y
   

 
   

.

Th us, on Гsw

1
Re

P sw sw
n y x x y

     
        

.                          (5.6)
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In some approximation, it can be assumed that the normal component of 
the velocity to the solid wall in some parts of the boundary layer is missing. 

Th en
1 0

Re n
P V
n


  


.                                           (5.7)

Th e boundary conditions at the entrance and exit to the channel are written 
down. Th e region of the border that corresponds to the entrance is denoted as Гsi, 
and the region of the border that corresponds to the exit is denoted as Гso.

Suppose that Гsi is described by the equation ( , ) 0si x y  , where ( , )si x y  —
function normalized up to the fi rst order. 

A derivative of the function P  is considered on the region of the border Гsi,

 

1 1, ,
Re Re

1 , , , ,
Re

1 ,
Re

y yx x
x x y y x y

y yx x
x y x y

n n
n x y

V VV VP V V V V V V n
n x y x y

V VV VV V V V n
x x y y

V VV V V
x y

      
                       

      
                 

 
   

 





where nV  — projection of the velocity vector on the normal vector n  to Гsi.

Since on Гsi n
si siV

y x x y
   

 
   

, then on Гsi  ( , ) 0so x y  .

1
Re

.

si si
y x x yP si si

n y x x y y x
si si

y x x y
x y

    
                         

    
       

 

  

         
(5.8)

Suppose that  Гso is described by the equation ( , ) 0so x y  , where ( , )so x y  — 
function normalized up to the fi rst order. Th en, similarly, we have on Гso

 

1
Re

.

so so
y x x yP so so

n y x x y y x
so so

y x x y
x y

    
                         

    
       

   

           

(5.9)
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5.1.3. Implementation examples

Problem 1. Calculation of hydrodynamic heat generators. A hydrodynamic 
heat generator, which is an axisymmetric structure — a cylindrical tube 
(housing) with a «garland» located inside the axis, consisting of cones, which in 
our case are designed to convert the energy of the fl uid motion into heat, is 
considered. Th e scheme of such a generator is given in Fig. 5.1. Development 
and numerical implementation of a mathematical model of the working body 
fl ow through the generator (left  — right) will allow us to perform a quantitative 
assessment of hydrodynamic heating of the fl uid due to dissipated energy 
because of hydraulic pulsations, reverse fl ows, and reversible motion.

Problem statement. It is necessary to fi nd the solution of equation (5.4) in 
the area   (Fig. 5.2), for which  54321   — its border. In 
this case 4  is the entrance to the channel, 5  — exit from the channel, Г1, Г2, 
Г3 — solid walls.

Based on the physical formulation of the problem, the boundary conditions 
are as follows:

Г1: , 0;
3
a

n


  


 

Г2: , 0;
3
a

n


   


 Г3: 0, 0;
n


  



Г4:
 3

2
4 , 0;
3

yy
na


   


 Г5: 

3

2
4 , 0
3

yy
na


   


.

Th e area   is described by  inequality 0),(  yx . A function ),( yx  
is constructed using R-operations [48].

For the area,   the function ),( yx  has the form of
     

     
1 0 2 0 3 0 4 0 5 0 6 0 7 0 8 0

0 9 0 10 0 11 0 12 0 13 0 14 0 15 0 16 0 17 ,
f f f f f f f f

f f f f f f f f f
        

        

Fig. 5.1. Heat generator scheme Fig. 5.2.  Area of the problem solution
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where
22

0 yxyxyx  — R-conjunction;

22
0 yxyxyx  — R-disjunction;

1 ( ) / ;f x b x b 

2 / ;
2 2
a af y y a        

   

3
3 ;

2
f x c d  

4
2 3 2 ;

2 2 3
df y x c d

d d
                  

5
2 3 2 ;

2 2 3
df y x c d

d d
                 

6 3 ;f x c d h   

 7
2 23 ;

2 3
df y x c d h

d d
           

   

8
2 2( 3 ) ;

2 3
df y x c d h

d d
          

   

9
3 3 2 ;

2
f x c d h   

10
2 3 3 22 ;

2 2 3
df y x c d h

d d
                   

11
2 3 3 22 ;

2 2 3
df y x c d h

d d
                  

12
4 3 3 ;

2
f x c d h   

13
2 4 3 23 ;

2 2 3
df y x c d h

d d
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14
2 4 3 23 ;

2 2 3
df y x c d h

d d
                  

15
5 3 4 ;

2
f x c d h   

16
2 5 3 24 ;

2 2 3
df y x c d h

d d
                   

17
2 5 3 24 ;

2 2 3
df y x c d h

d d
                  

b — channel length; a — channel width; d  — the length of the triangle side; 
c — indentation of the 1st triangle from the beginning; h  — the distance 
between the triangles. 

Fig. 5.3 shows the function ),( yx  in the form of isolines.
Th e solution of the boundary value problem for equation (5.4) with the 

corresponding boundary conditions will be sought in the form 01  , 
where 0  is a function that meets the inhomogeneous boundary conditions of 
the problem; 1  is a function with zero Dirichlet and Neumann boundary 
conditions.

Th e solution structure for a function 1  has the form

P2
1  ,

where P — undefi ned structure component. For the problem under 
consideration, the undefi ned component P  is written in the form 





k

i
ii yxcyxP

1
),(),( , where  ),( yxi  — B-splines of the fi ft h order, 

  kici ,...,1,  — constants that need to be defi ned [30, 31, 65—69].

Function 0 : 0 i i  , 0 0
in 





, i = 1,..., 5 will be constructed

using the gluing formula [43] 

5

2
1

0 5

2
1

1

i

i i

i i

w

w







 



, where

Fig. 5.3.  Function ),( yx Fig. 5.4.  Function ),(0 yx
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1 3
a

  , 2 3
a

   , 3 0  ,
3

4 2
4
3

yy
a

   ,
3

5 2
4
3

yy
a

   , 

yaw 
21 , 

22
ayw  ,

     
   

3 3 0 4 0 5 0 6 0 7 0 8 0 9 0 10 0 11 0

0 12 0 13 0 14 0 15 0 16 0 17 4 4, , .
w f f f f f f f f f

f f f f f f w x w b x
         

        

Fig. 5.4 shows the function ),(0 yx  that accurately meets all the boundary 
conditions. As to functions 1  and 0 , equation (5.4) has the form

01 1 1 1 1
1

0 0 01 1 1
0

0 0 0 0

1
Re

1
Re

.

y x x y y x

y x x y x y

y x x y

      
              

    
         
     

   
   
   

         (5.10)

Th e linearization process according to Newton — Kantorovich is applied to
 equation (5.10). Th e sequence of approximations  N

nn 1  to the solution 1  is 
considered. To do this, the function 1n n n      is substituted in equation 
(5.10) instead of the function 1 . Th e following equation is obtained 

         

     

 

0 0 0

0 0 0 0 0
0

1
Re

1 .
Re

n n n n n n n n
n n

n n n n n n

n n

y x x y

y x y x x y

x y y x x y

                               
             

      
     

       
        
     

 

Th e brackets are opened, neglecting the terms of the second order of 
smallness and given that 1n n n    . A sequence of linear equations is 
obtained

1 1 1 1
1

1 0 0 1 1 0 0 1
0

0 0 0 0

1
Re

1
Re

.

n n n n n n n n
n

n n n n

n n n n

y x y x x y x y

y x y x x y x y

y x x y y x x y

   


   

        
                  
       

           
       

       
       
        (5.11)
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Fig. 5.5 and 5.6 show the results of a computational experiment, with the 
fl ow of one element of the heat generator. Fig. 5.5 shows the function of the 
velocity modulus at Re = 200. Fig. 5.6 shows the steam function at Re = 200.

Numerical implementation of the mathematical model of the working body 
fl ow on the generator gives a method of obtaining a quantitative estimate of the 
hydrodynamic heating of the fl uid due to hydraulic pulsations, reverse fl ows, 
and reversible motion. Th e corresponding computational algorithm for fi nding 
the dissipated energy and the liquid heating in the channel is implemented by a 
single soft ware package. Th e versatility of the method and program allows us to 
conduct multiparameter numerical experiments for diff erent heat generators.

Th e authors gave an example of a computational experiment at small values 
of Re = 200.

Th e methodology of achieving the expected thermal eff ects and methods of 
further optimization of real designs of heat generators is a separate, even more, 
complex problem, which is not considered in this monograph. 

But this example proves that the proposed approach for quantitative 
assessment of the impact of the eff ects of excess energy generation can be 
successfully used both in the development of new designs of heat generators 
and in the modernization of the existing ones.

Problem 2. Calculation of hydrodynamic characteristics of the fl ow in the 
channel with ledge.

Th e following problem statement is considered: to fi nd the distributions of 
the velocity fi eld and the pressure fi eld in the fl ow when it fl ows through a fl at 
model channel with a ledge (Fig. 5.7).

It is necessary to solve the equation for the stream function fi rst, then the 
Poisson equation for the function P in the area shown in Fig. 5.7. Th is area is 
described by the equation 0),(  yx , the function ),( yx  is given in Fig. 5.8.

Th e structure of the solution of the equation for the stream function with 
the corresponding boundary conditions has a  form 01  , where 0  
meets all the boundary conditions of the problem

3

2
1

0 3

2
1

1

i

i i

i i

w

w







 



,           

Fig. 5.5.  Th e function of the velocity 
modulus (Re = 200)

Fig. 5.6.  Th e stream function (Re = 200)
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where Ψ — the values function given in the border regions described by the 
equation 0iw . Here 

1
1

2
3
a

   ,   504031 fffw  ,

1
2

2
3
a

  , 2 1w a y  , 
3

3 2
13

yy
a

   , 3w x .

Th us, 
0 i i   , 0 0

in 





, i= 1,2, 3,

where 1 — an unknown function with zero Dirichlet and Neumann boundary

conditions, which has the form 1
2

11 P . Here 



N

i
iiAP

1
1 , where Р1 —

undefi ned structure component, iA  — constants that need to be defi ned, i — 
special functions that form the basis in the Hilbert space in which the solution 
is sought;

   6050403011 fffff  ,

where   22
0 ),( yxyxyx  — R-conjunction; 0 ),( yxyx 

22 yxy  — R-disjunction; xf 1 ; ( 12 bxf    2 1 2) / ( )b x b b   ;
13 ayf  ; 14 bxf  ; 25 ayf  ; yaf  16 .

Th e problem is solved by the least squares method. Next,  Poisson’s equation 
concerning  the function P  in area   is solved.

Th e boundary conditions for  Poisson’s equation are considered. 

On the solid walls, Г1 and Г2 the boundary condition 0


n
P

 is used. At the 

entrance to  channel Г3, the boundary condition const
n
P



 is used. At the 

exit from  channel Г4, the boundary condition P= const is used.

Fig. 5.7.  Area Ω — model channel Fig. 5.8.  Th e function ),( yx
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Th e structure of the solution for  Poisson’s equation with the corresponding 
boundary conditions has the form

21 2 2 1 2 2
2 2 1 2 3

( ) ( )P PP P P C
x x y y

      
           

,

where   1 1 0 3 0 4 0 5 0 6f f f f f      ;    2 0 3 0 4 0 5 0 6f f f f f     ; 

2 1 2( );b b x     2
1

;
N

i i
i

P C


 
 

;
1

3 



N

i
iiDP  ii DC ,  — constants that need to

 be defi ned;  С — the value of static pressure at the exit (the constant is set based 
on the physical problem statement, in our case C = 1); φ — function, which 
value in the regions of the area border coincides with the derivative normal to 
the function P in the corresponding border regions on which the following 
Neumann condition is given:











 3

1

3

1

1
i i

i i

i

w

w .

Th is function is based on the gluing formula. Here i  — the value of the 
Neumann condition is given in the regions of the border Гi 

0i  , i = 1, 2, 3 2
8

Rea
  .

Th en the least squares method is used.
Fig. 5.9—5.19 show the results of computational experiments: stream 

functions, velocity modulus functions, and static fl ow pressure during its fl ow 
through the model element of the rotary-cavitation dispersant. Computational 
experiments were performed on a grid of 40 × 40 splines of the 5th order. Th e 
number of iterations —  is 9.

It should be noted that the given solution of the problem included the 
solution of  Poisson’s equation for the function P. Th is approach opens up 
additional opportunities for the analysis of not only the pressure fi elds in the 
fl uid fl ow. In particular, the determination of the numbers Re, at which the 
formed in the fl ow pressure drop zones to the level of pressures of saturated 
vapors of the fl owing liquid, or lower, makes it possible to determine the 
conditions of the beginning of cavitation. Th is is very important when creating 
a variety of hydraulic and process equipment.

Problem 3. Th e problem of fl uid fl ow between two parallel plates. Th e test 
problem of stationary fl uid fl ow between two parallel plates is considered. It is 
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Fig. 5.9.  Stream function (Re = 250)

Fig. 5.10.  Velocity modulus function (Re = 250)

Fig. 5.11.  Static pressure function (Re = 250)

Fig 5.12.  Stream function (Re = 600)

Fig. 5.13.  Velocity modulus function (Re = 600)

Fig. 5.14.  Static pressure function (Re = 600)

Fig. 5.15.  Stream function (Re = 500)
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necessary to fi nd the steam function for this problem. To do this, the boundary 
value problem for equation (5.4) in the area   (Fig. 5.20), for which the border 

1 2 3 4       is solved. In our case 1  — entrance to the channel, 
2  — exit from the channel, 3 , 4  — solid walls.

We set the following boundary conditions for area  : on 1 and 2 —
2 3 1

2 3 12
y y

     (parabolic Poiseuille velocity profi le), 0
n





; on 3  — 

1
12

   , 0
n





; on 4  − 1

12
  , 0

n





.

Th e solution of the boundary value problem for equation (5.4) with the 
corresponding boundary conditions will be sought in the form 1 0   , 
where  is a function that meets the inhomogeneous boundary conditions of 
the problem, 1  — a function with zero Dirichlet and Neumann boundary 

Fig. 5.16.  Velocity modulus function (Re = 500)

Fig. 5.17.  Stream function (Re = 400)

Fig. 5.18.  Velocity modulus function (Re = 400)

Fig. 5.19.  Stream function (Re = 2000)



126

Chapter 5. MATHEMATICAL AND COMPUTER MODELING OF HYDRODYNAMIC FIELDS

conditions. Th e structure of the solution of the 
function 1  has the form 2

1 kP  , where kP  — 
undefi ned structure component,  : ( , ) 0,x y   
( , )x y  , ( , ) 0x y


  . Th e function   can be 

taken as ( , ) (1 )(1 )x y xy x y    . Th e function
2 3

0
1( , )

2 3 12
y yx y    

  4 3 2 5 4 3 22 2.5 2 0.5x x x y y y y     

is taken as a function that satisfi es the inhomogeneous conditions of the 
problem.

For this problem, the undefi ned component is introduced as ( , )kP x y 

1
( , )

k

i i
i

c x y


  , 121k ,  ( , )i x y — B-splines of the fi ft h order.

Th e analytical solution of the problem is the function
2 3 1( , )

2 3 12
y yx y   

 
 

(Fig. 5.21).
For functions 1  and 0 , equation (5.4) has the form

0 01 1 1 1 1 1
1

0 0 0 0 0 01 1
0

1
Re

1 .
Re

y x x y y x y x

x y x y y x x y

        
                  

      
          
         

(5.12)

Th e process of linearization according to Newton — Kantorovich is applied 
to equation (5.12). Th e sequence of approximations   1

N
n n

  to the solution 1
is considered. To do this, the function 1n n n     is substituted in equation 
(5.10) instead of the function 1 . Th e following equation is obtained

         

     

 

0 0 0

0 0 0 0 0
0

1
Re

1 .
Re

n n n n n n n n
n n

n n n n n n

n n

y x x y

y x y x x y

x y y x x y

                               
             

      
     

       
        
     

Th e brackets are opened, neglecting the terms of the second order of 
smallness and given that 1n n n    . A sequence of linear equations is 
obtained

Fig. 5.20. Area 
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1 1 1 1
1

1 0 0 1 1 0 0 1
0

0 0 0 0

1
Re

1
Re

.

n n n n n n n n
n

n n n n

n n n n

y x y x x y x y

y x y x x y x y

y x x y y x x y

   


   

        
                  
       

           
       

       
       
       

Figs 5.22, 5.23 show the graphs of the function ),(0 yx at  =200 and the 
difference modulus of the analytical solution and the numerical solution 

Fig. 5.21. Graph of the function 
2 3 1( , )

2 3 12
y yx y   

Fig. 5.22. Graph of the function 0( , )x y  
at α= 200

(5.13)

Fig. 5.23. Graph of the function of the diff erence modulus of numerical 
and analytical solutions
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(2 iterations) obtained using the least squares method in the form of constant 
level lines on the plane xOy .

Problem 4. Th e liquid fl ow around the cylinder located between the two 
plates. Problem statement. It is needed to fi nd the distribution of the velocity 
fi eld and the pressure fi eld in the fl ow when the fl uid is fl owing around  the 
cylinder located between the two plates. To do this, it is needed to consistently 
solve equation (5.4) in the area  , and then equation (5.5) for the function P in 
the area  . Th e area   is shown in Fig. 5.24, for which the border — 

54321  . In this case 1 , 2 , 3  — solid walls, 4 — en-
trance to the channel, 5  — exit from the channel.

We set the following boundary conditions for the area  : on 1  —

, 0
3
a

n


  


; on 2  −
3
a

   ,  0
n





; on 3  − 0  , 0

n





; on 4  and

 5  – 
2 3

2
42
3 3

y y a
a a

   
 
 (parabolic Poiseuille velocity profi le), 0

n





.
Th e solution of the boundary value problem for equation (5.4) with the 

corresponding boundary conditions is sought in the form 1 0    [12,13, 
63—69], where 0  — a function that satisfi es the inhomogeneous boundary 
conditions of the problem, 1  — a function with zero Dirichlet and Neumann 
boundary conditions. Th e structure of the solution for the function 1  has the 
form 2

1 1 1,kP  , where 1,kP — undefi ned structure component, 1 ( )x b x  

    22 2( ) 2y a y x d y a r     , a — channel width, b — channel length, 
r —  radius of fl ow around the cylinder, d —  the distance from the center of the 
cylinder to the entrance to the channel.

Th e undefi ned component is written for the considered problem in the 

form 1, 1,
1

( , ) ( , )
k

k i i
i

P x y c x y


  , where  ( , )i x y  — B-splines of the fi ft h order,

{c1i}, i = 1, ..., k— constants that need to be defi ned.
Function 0 , which meets the boundary conditions of the problem, is taken 

in the form
2

1 2
0 2 2

1 2

w
w w


 


, where 
2 3

1 2
42
3 3

y y a
a a

    , )()(1 yayxbxw  ,

    222
2 2 raydxw  .

Th e problem is solved by the least squares method. Next, equation (5.5) for 
the function P is solved in the area  . Th e boundary conditions for equation 
(5.5) are considered. On the regions of the border 1 , 2 , 3  the boundary con-
dition  0



n
P is used. 
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For regions of the border Г4 and 
Г5, we have parabolic velocity profi les. 
Based on this, on Г4 and Г5, the 
tangent component of velocity is 

0yV , and also 0yV  in some 
volume aft er the entrance and before 
the exit.

Th e Neumann condition is writ-
ten for Г4, given that 

xn VV  , 1
Re

x x
x x y

V VP V V V
n x y

 
    

  
. 

Th is condition for the problem under consideration can be simplifi ed. Since
on 4  we have a parabolic velocity profi le, then 1

Re xV m  , where m — some

constant, which is determined from the boundary condition.
Consider 

      , , , , 0x x
x y x y x x y y

V VV V V V V V V l V
x y

 
      

 
 ,

where l — some constant. Th en
P m
n





.                                           (5.14)

A tangential derivative to the function P on 5  is considered

1
Re

y y
y x y

V VP P V V V
y x y

   
     

    
.

Since 0yV   not only at the exit from 5  directly but also in some volume

before the exit 0,0,0 








y

yy V
y

V
x

V
. So, 0




P .

Th e Dirichlet boundary condition is set by some constant ( 0



P ) at the exit

since Neumann’s condition on the whole border does not give an unambiguous 
solution of  Poisson’s equation (only to the nearest constant). Th us, the total 
fl ow energy is set and we obtain an unambiguous solution.

Th e structure of the solution for equation (5.5) with the corresponding 
boundary conditions has the form

2, 2 2, 2 21 1
2, 2 1 2 3,

( ) ( )k k
k k

P P
P P P C

x x y y
     

           
,

Fig. 5.24. Area   of the problem solution
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where ω, ω1, ω2 — normalized functions that describe the entire border of the 
area, the border of the area without region 5  and border region 5  respectively;
— function: 

i

i

P
n




 


, i=1, 2, 3, 4; ),(,1 yxP k , ),(,2 yxP k  — undefi ned

structure components; C — the value of static pressure at the exit.
For such a problem functions  , 1 , 2  are constructed in the form

 0 01 1 2 3f f f
      

 
,  0 02 4 3f f f

      
 

, 2 ( )b x   , 
where

1f x  
2

2
yf y
a

 
  
 

,     22 2
3 2 / 2f x d y a r r     , 4 ( ) /f x b x b  , 

2 2
0 ( , )kx y x y x y x y



      ,

12 2
2 2 2

2 2 2

1 , ,
( , )

0, .

k

k

x yb x y a
x y a a

x y a

                      
 

Undefi ned components are given in the form , ,
1

( , ) ( , )
k

l k l i i
i

P x y c x y


  ,

where 1, 2,l    ( , )i x y — B-splines of the fi ft h order,  , , 1,..., ,l ic i k  l = 1, 2 — 
constants that need to be defi ned.

Function  : 
i

i

P
n




 


, i = 1, 2, 3, 4 is constructed using the gluing 

formula [43]
4 4

1 1

1i

i ii iw w 


   , 

where

0i  , 1,2,3i  , 4 2
8

Rea
  , 1w a y  , 2w y ,

     rraydxw 2/2 222
3  , 4w x . 

Next, the least squares method is applied.
Th e following parameters were chosen for numerical calculations:

1a , 4b , 1d , 0.25r  , 0.01a  , 51.312 10b   , 3k , 0C  .
Fig. 5.25—5.31 show graphs of functions in the form of lines of constant 

level on the plane xOy for diff erent values of the number Re, which are based on 
the results of computational experiments. 
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Computational experiments were performed on a 32 32 grid of spline of 
the 5th order. For these problems, convergence was observed at 4 iterations (the 
maximum diff erence modulus of the solutions obtained at the 4th and 5th ite-
rations was 410  ).

Problem 5. Numerical modeling of hydrodynamics and heat transfer in 
the «crack — fl uid» system. Computer modeling of fi ltration processes is wide-
ly used in the oil and gas industry. Determination of the rate of fl uids (oil, gas, 
or process fl uids in fractured-porous reservoirs) fi ltration allows  signifi cant 
increase in the effi  ciency of technologies for the intensifi cation of hydrocarbon 
production, to optimize the modes of technological processes machining. Dar-
cy’s law of fi ltration in a porous medium determines the relation between the 
pressure drop and the fi ltration rate. But when it comes to non-isothermal fi l-
tration with a possible chemical interaction of fl uids with the mineral part of 

Fig. 5.26. Graph of the fl ow function 
(Re = 10)

Fig. 5.27. Graph of the velocity modulus 
function (Re = 10)

Fig. 5.28. Graph of static pressure 
function (Re = 10)

Fig. 5.29. Graph of the fl ow function 
(Re = 50)

Fig. 5.30. Graph of the velocity modulus 
function (Re = 50)

Fig. 5.32.  Area Fig. 5.31. Graph of static pressure 
function (Re = 50)

Fig. 5.25. Graph of the function 0
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the seam, the question of researching such processes at the level of elementary 
structures — pores or cracks in the rock — arises.

Numerous studies have been carried out on the example of a fl at channel 
simulating an extended crack with a narrowing, in which the pressure in the 
fl uid fl ow decreases with a local increase in movement speed [31]. To study the 
process of  pore space heating, a related problem is solved in the following for-
mulation: a hydrodynamic problem in the channel and a problem of thermal 
conduction in the rock. 

Using the developed method of mathematical modeling of the viscous in-
compressible fl uid movement in channels of a complex shape with the R-func-
tion method [67—69], the problem of steady-state fl uid motion in the channel, 
the area of   which is shown in Fig. 5.31, is solved. Th e area boundary is 

1 2 3 4      ,  where 3  is the channel entrance, 4  — exit from the 
channel, 1 2,   — solid walls.

Regions of the border i  are described by equations 0if  , where

   

     

2* *

2* *

*

1
2 2 2* *2 *1 4

x x x

x x x

y a y e a
f

a y x x x e

 

 

   


  

; 

   

     

2* *

2* *

*

2
2 2 2* *2 *1 4

x x x

x x x

y a y e a
f

a y x x x e

 

 

  


  

;

xf 3 ; xbf 4 ; a  —  half the width of the channel entrance;  b  —  channel 
length;  *x  —  point of minimum channel width;  *y  —  half of the minimum 
channel width.

Th e plane stationary motion of a viscous incompressible fl uid is described 
by the system of Navier — Stokes equations, which is reduced to a nonlinear 
diff erential equation in partial derivatives of the 4th order сoncerning  the 
stream function   (5.4).

Boundary conditions must be set to describe the fl uid movement in the 
channel. Boundary conditions that are included in the model take into account 
the increase in the permeability of the rock under the infl uence of hydrogen. 
Experimental data show that in seam conditions, the fl ow rate of working gases 
with hydrogen is 10 times higher than without hydrogen. In dimensionless 
form, this corresponds to Reynolds numbers of 1 (without hydrogen) and 10 
(with activated hydrogen).

According to [67—69], the boundary value problem for equation (5.4) with 
the corresponding boundary conditions is sought in the form 1 0   , where 
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Ψ0 is a function that satisfi es the heterogeneous boundary conditions of the 
problem, 1  is a function with zero Dirichlet and Neumann boundary conditions. 
Th e solution structure for the function has the form 2

1 1 1,kP  , where 1,kP  is the 
undefi ned component of the structure,  1 1 2 3( , )x y f f f    .

For the problem under consideration, the functions  , 1 , 2 , describing 
the entire area border, the area border without a region, and the border region, 
respectively, are constructed in the form

 0 01 1 2 3f f f
      

 
, 0 0 01 2 3 4f f f f

            
   

, 2 ( )b x   ,

where the conjunction is determined by the formula
2 2

0 ( , )kx y x y x y x y


      ,
12 2

2 2 2

2 2 2

1 , ,
( , )

0, .

k

k

x yb x y a
x y a a

x y a

                      
 

 Th e unknown components of the structure have the form , ( , )l kP x y 

,
1

( , )
k

l i i
i

c x y


  , where  1,2l  ,  ( , )i x y  — B-splines of the fi ft h order,  , ,l ic i 

1, ..., , 1,2k l   — constants to be defi ned.  

Function  : 
i

i

P
n




 


, i = 1, 2, 3, 4   will be constructed using the gluing

formula 
3 3

1 1

1i

i ii if f 


   , where 0i  , 1,2i  , 3 2

8
Rea

  .

Fig. 5.33.  Stream function Re = 1 
(without hydrogen)

Fig. 5.35. Stream function Re = 10 (with 
hydrogen)  

Fig. 5.36. Velocity modulus function 
Re = 10 (with hydrogen)

Fig. 5.34. Velocity modulus function 
Re = 1 (without hydrogen)
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Th e solution is sought with 
the least squares method.

Th e following parameters were 
chosen for numerical calculations: 
a = 1, b = 10, d = 1,  

* 5x  , * 0,5y  , 
0.01a  , 51.312 10b   , k = 3, 

C = 0.
Fig. 5.33—5.36 show graphs of the stream and velocity modulus functions 

in the form of constant level lines on the plane xOy  for Reynolds numbers 1 
and 10. Computational experiments were performed on a grid of 32 × 32 splines 
of the 5th order. For these problems, convergence was achieved with 4 iterations 
(the maximum diff erence modulus of the solutions obtained at the 4th and 5th 
iterations, was 410  ).

Having solved the problem of fl uid fl ow, it is necessary to solve the related 
problem of thermal conductivity in the prepared  space [31]. Since the problem 
statement is symmetrical, it is enough to consider half of the area of the crack 
shown in Fig. 5.37.

Problem statement. To fi nd the function T from the system [31]:

1 1 1
1 1 1

2
2 2 2

, ,

, .

T T T T x
t y x x y
T T x
t

              

     

the boundary conditions for this problem are considered as follows. On 1 :
1 0T

n





 (symmetry condition). On 2 :  1 2
2 1

1 2

T T T T
n n
 

    
 

. On 3 :

2
2 2

2
2

1T T
tn

 

 

 (condition at infi nity). On 4 : 1 0T
n





, 2 0T

n





. On 5 : 1 0T
n





,

2 0T
n





.

To solve these equations the fi nite diff erence method is used, the scheme — 
«classics» [28]. Th e sought functions 1T  and 2T  are replaced by grid functions 

ji
nT ,1  and ji

nT ,2 . Th e «classics» scheme consists of two consecutive passages 
throughout the calculation area. At the fi rst passage of magnitude ji

nT ,
1

1
  and

 ji
nT ,

1
2

  are calculated at the grid nodes, where ( )i j n   — an even number 
according to the schemes:

Fig. 5.37.  Area of the problem solution
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1 2 2
1 , 1 , 1 , 1 , 1 , 1 ,

2 2 2
,,

n n n n n n
i j i j x i j y i j x i j y i j

i ji j

T T T T T T
t x y y x x y

       
              ,

1 2 2
2 , 2 , 2 , 2 ,

2 2 2

n n n n
i j i j x i j y i jT T T T

t x y

    
       

.

In  the second passage, the values ji
nT ,

1
1

  and ji
nT ,

1
2

  are calculated at those 
grid nodes where ( )i j n   — an odd number is according to the schemes:

1 1 1 2 1 2 1
1 , 1 , 1 , 1 , 1 , 1 ,

2 2 2
,,

n n n n n n
i j i j x i j y i j x i j y i j

i ji j

T T T T T T
t x y y x x y

          
             

,
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,
1

2
2

2

,
1

2
2

2
,2,

1
2

y
T

x
T

t
TT ji

n
yji

n
xji

n
ji

n 
 .

Th is scheme is  stable [31]. Th e approximation error is O(Δt,(Δx)2,(Δy)2) .
Fig. 5.38 and 5.39 show the distribution of the temperature function 2T  in 

the rock forming the crack, the function   is the solution of the boundary 
value problem for the diff erential equation (5.5) when Re = 1 and Re = 10.

Fig. 5.38.  Temperature distribution in the rock during the fl ow of 
working gases without hydrogen (Re = 1)

Fig. 5.39. Temperature distribution in the rock during the fl ow of 
working gases with hydrogen (Re = 10)
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Th e obtained results of computer modeling clearly explain the increase in 
the effi  ciency of thermobaric and chemical treatment in the presence of 
hydrogen in the working gases. At the same time, due to the increase in the 
fi ltration rate, during the same  time, hot gases with hydrogen manage to 
penetrate further into the bottom hole zone, transferring and spending heat 
mainly on a uniform and intensive heating of the inner surface of cracks and 
combatants  at a greater distance from the wellbore. Aft er all, such a process 
more eff ectively realizes the thermochemical potential and contributes to the 
eff ective cleaning of the bottom hole formation zone. In the absence of hydrogen, 
the thermal potential of the working gases is used more for heating the rock 
near the wellbore and less for the intrapore space.

Th e results of theoretical and experimental studies confi rm the decisive role 
of hydrogen as an activator of the processes of diff usion and fi ltration of fl uids 
in the pore space of rock in the technology of complex hydrogen thermobaric 
and chemical eff ect on the bottom hole zone of productive horizons with the 
aim of stimulation the production of oil, gas, gas condensate.

5.2. Mathematical modeling of viscous incompressible 
fluid flow along axisymmetric channels of the complex 
cross-section using the R-function method

A large number of elements of hydraulic automation, hydraulics, fuel systems, 
technological devices, etc., are axisymmetric structures with channels of  the 
complex cross-section. Th erefore, the statement of the problem of mathematical 
modeling of the viscous incompressible fl uid fl ow in axisymmetric channels 
of the complex cross-section using the R-function method is a very relevant 
problem. Moreover, the accuracy of the channel geometry description can 
signifi cantly aff ect not only the effi  ciency of hydraulic devices but also their 
performance in general. Next, the problem statement to determine the velocity 
and pressure fi elds is considered.
5.2.1. Problem statement for the velocity field 

Th e problem of the determination of the fl uid fl ow velocity fi eld in an 
axisymmetric channel is considered. Th e motion of a viscous incompressible 
fl uid is described by a system of Navier — Stokes equations, which in cylindrical 
coordinates has the form [55]:

2

2 2
1 2r r r r r

r z r

v vv v v v vp vv v v
t r r z r r r r

        
                  

,    (5.15)

2 2
1 2r r

r z

v v v v v v v v vpv v v
t r r z r r r r
      



     
                  

, (5.16)
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1z z z z
r z z

vv v v v pv v v
t r r z z

    
      

      ,                  (5.17)

 1 1 0zr vvrv
r r r z

 
  

  
,                                  (5.18)

where (5.15)—(5.17) are the Navier — Stokes equations, (5.18) is the equation 
of motion continuity, and the operator Δ is determined by the formula:

2 2

2 2 2
1 1r
r r r r z
            

.

For the stationary and axisymmetric case, this system of equations in 
dimensionless form is transformed into:

2

2 2
1 1

Re
r r r r r

r z
v v v v vpv v r
r z r r r r z r

                     
,        (5.19)

2

2
1 1

Re
z z z z

r z
v v v vpv v r
r z z r r r z

       
             

,             (5.20)

 1 0zr vrv
r r z


 

 
,                                 (5.21)

where Re — Reynolds number, (vr, vz) — velocity vector, P — static pressure.
Equation (5.19) is diff erentiated by z, and (5.20) — by r, and the second  

equation is subtracted from the fi rst one, excluding terms with the pressure p.

Th e stream function is introduced using relations
 

1 1,z rv v
r r r z
 

  
  . 

As a result of the transformations, the following nonlinear equation of the 
4th order concerning  the stream function ψ is obtained:

2 2 2

4 3 2 3 2 3

3 3 3 3

2 3 2 2 2 2 2 3

4 4 4 3 3 2

4 2 2 4 2 3 2 2 3 2 4

3 3 2 1

1 1 1 1

1 1 2 1 2 2 3 3 0.
Re

z r z z r r zr r r r r r

z z r rr r r r z r r z r z

r r r rr r z z r r r r z r r r

          
    

       
           

    
        

             
                 

(5.22)
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Boundary conditions must be set to describe the motion of a viscous 
incompressible fl uid in an axisymmetric channel. Suppose the problem is solved 
in the area  , for which   — its borders. Th e border regions may correspond 
to the solid walls of the channel, the entrance, and exit to the channel, and the 
axis of symmetry. Th e boundary conditions for equation (5.22) follow from the 
condition of adhesion on a solid wall, the velocity at the entrance (exit), and the 
condition of impermeability on the axis of symmetry.

On the region of the border sw , which corresponds to the solid wall, we

 have the adhesion condition — 
 

1 10, 0r zv v
r z r r
 

    
 

, from which it 
follows that on sw

 , 0
   


 ,

 
 , 0n

n


  


 ,

where   — tangent vector to sw , n  — normal vector to sw . Since 0



on sw , then along the curve sw , the stream function does not change, i.e. 

const   on sw .
Th e impermeability condition on the axis of symmetry means that

1 0rv
r z


  


,
 

1 ( ),zv f z
r r


 


where ( )f z — some function. It follows from here 0( ) 0, 0rrf z
r z

 
  

 
.

Since 0
z





, then on the axis of symmetry Ψ = const.

Th e velocity distribution, which determines the stream function, is set at 
the entrance to the channel. Th e boundary conditions will be considered in 
more detail on the example of fl uid fl ow through the model channel of the hydro 
vortex nozzle. If the velocity distribution at the exit is known (for example, the 
stationary laminar fl ow of Poiseuille), then it can also be set.

Th e solution of the boundary value problem for equation (5.22) with the 
corresponding boundary conditions will be sought in the form 1 0    , where 

1  — the function with zero Dirichlet and Neumann boundary conditions, 
0 — function that meets all the inhomogeneous boundary conditions of the 

problem.
For functions 1 and 0  equation (5.22) has the form:

4 4 4 3 3 2
1 1 1 1 1 1 1

4 2 2 4 2 3 2 2 3 2 4
1 1 2 1 2 2 3 3

Re r r r rr z r z r r r z r r r r
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Aft er applying the Newton — Kantorovich linearization process similarly 
to the fl at case, a sequence of linear equations is obtained
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Th us, the nonlinear equations concerning  the stream function are reduced 
to a sequence of linear diff erential equations of the 4th order.

5.2.2. Problem statement for the static pressure field 

Th e problem of the static pressure determination in the fl uid fl ow fl owing 
through the axisymmetric channel is considered. Aft er fi nding the solution of the 
equation for the steam function, the static pressure function can be determined 
from  Poisson’s equation [11, 13], the right part of which is expressed in terms 
of the derivatives of the stream function 

22 2 2 2 2 2

2 2 2 2 2 2
1 2 1 1 1 .p p p
r r r r z z r r z z rz r r z r r

                                              
(5.25)
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Th e boundary conditions for this equation are considered. From the 
Navier — Stokes equations (5.19), (5.20)
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 , then on sw , taking into account the adhesion condition 

(vr = 0, vz = 0), we  have 
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, 

where nv  — projection of the velocity vector on the normal vector n  to sw .
Suppose that sw  (solid wall) is described by the equation ( , ) 0sw r z  , 

where ( , )sw r z  — function normalized up to the fi rst order, i.e. ( , ) 1
sw

sw r z
n 





,

where n


 — normal vector to sw . Th en 
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r r z r z r
   

  
   

  .
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n r r z r z r
             

.

In some approximation, it is possible to assume that the normal component 
of the velocity to the solid wall in some parts of the border layer is missing. 

Th en 1 0
Re n

p v
n


  


.

Suppose that sym  — the region of the border of the area that lies on the 
axis of symmetry Oz . Given the condition of impermeability on the axis of 
symmetry ( 0rv  ), we have

2 2 2
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A new function ( , )p r z  is built as follows: 
( , ) 0,

( , )
( , ) 0

p r z r
p r z

p r z r


   
 . Th e

function ( , )p r z  is a projection of the static pressure function on a plane passing 
through the center of symmetry. Consider

( , ) , 0,( , )
( , ) , 0.
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Th en on the axis of symmetry, we have
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 0
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.

Due to the smoothness of the static pressure fi eld ( ) 0f z  . Th erefore

0p
r





. So, on the axis of symmetry

0p
n





.                                                   (5.26)

Th e boundary conditions at the entrance and exit to the channel are written 
down. Th e region of the border that corresponds to the entrance is denoted as 

si ; the region of the border that corresponds to the exit is denoted as so .
Suppose that si  is described by the equation

1z c , 
where 1c  — some constant.

Th e normal derivative of the function p  is considered on the region of the 
border si

2 2
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For the case of the parabolic Poiseuille velocity profi le, the function   is a
 polynomial of 4th degree for r, so 

 
p m
n





, where m — some constant, which

 is determined from the boundary condition.



143

5.2. Mathematical modeling of viscous incompressible fluid flow along axisymmetric channels 

Suppose that Гso is described by the equation z = c2, where c2 — some 

constant. For the case of the parabolic Poiseuille velocity profi le p m
n


 
 ,

 

where Гso.
A tangent derivative for the function p is considered on the region of the 

boundary  Гso.
2 2

2 2 2
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For the case of the parabolic Poiseuille velocity profi le, we have

0 .p p const
  



5.2.3. Mathematical modeling of hydrodynamic processes 
in the model channel of the hydro vortex nozzle 

Th e nozzle is a technical device designed for spraying liquids, various types 
of emulsions, and suspensions. Th e quality of spraying is characterized by the 
drops dispersion, the opening angle of the drip torch, and its fi lling uniformity. 
For many technical devices, these parameters are critical. In ramjet-type 
nozzles, improved dispersion is usually achieved by reducing the exit holes and 
increasing the entrance pressures. Such requirements cannot always be met, in 
particular, when spraying liquids of high viscosity, and fuel suspensions with the 
presence of a solid phase. Moreover, modern chemical and energy technologies 
require nozzles not only to spray well but also to mix several liquids with their 
hydromechanical treatment. Next, we will consider the problem of using the 
structural R-function method to create just such an effi  cient nozzle with the 
possibility of hydro cavitation treatment of sprayed liquids.

Problem statement. It is needed to solve the interconnected boundary 
value problem. To do this, the boundary value problem for equation (5.4) is 
solved fi rst, and then — the boundary value problem for equation (5.5) for 
function p  in the area Ω, which is shown for the model channel of the hydro 
vortex nozzle in Fig. 5.40. Function ( , )r z , which describes the area Ω, is 
shown in Fig. 5.41.
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Th e following boundary conditions are set for the area Ω: on Г1 —
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 .
Th e solution of the boundary value problem for equation (5.4) with the 

corresponding boundary conditions is sought in the form 1 0   , where 
1  — function with zero Dirichlet and Neumann boundary conditions, 0 — a 

function that meets all the inhomogeneous boundary conditions of the problem. 
The solution structure for the function 1  has the form 

2
1 1 1P  , where 

1P  — undefi ned structure component, 1  a — function that describes the 
border section of an area ( 1 2 3   ). 

Th e undefi ned solution structure component is set in the form 1( , )P x y 

1
( , )

k

i i
i

c r z


  , where  ( , )i r z  — B-splines of the fi ft h order,   , 1,...,ic i k  —

constants  need to be defi ned.
For the problem under consideration, a function ω1 is constructed as

 0 0 0 01 1 2 3 4 5f f f f f           
    , 

where 1 1 2 1 2( ) / ( )f z b b z b b    , 2 1 1( ) /f r a r a  , 3 1( )f z b  , 4f   
2 2( ) /r a r a  ,     2 22

5 0 1 0/ (2 )f r z b r c r     , 1a  — radius of an entrance 
to the nozzle,  — radius of an exit from the nozzle, 1 2b b  — nozzle length, 
b1— the distance between the center of the torus and the entrance along 
the axis Oz, c — the distance between the center of the torus and the axis of 
symmetry along the axis Or, r0 — radius of the circle.

Function 0 : 0 i i   , 0 0
in 





, 1,2,3i   is built using the gluing

formula
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Th e problem is solved by the least squares method.
Next, equation (5.5) is solved for the function p in the area Ω. Th e boundary 

conditions for this boundary value problem are considered.
On (Г2) and on the axis of symmetry (Г1), the boundary condition

 
0p

n





is used. At the entrance to the channel (Г4), the boundary condition
 p const

n





is used.
At the exit from the channel (Г5), the boundary condition P = const is used.
Th e structure of the solution for equation (5.5) with the corresponding 

boundary conditions has the form

2, 2 2, 2 21 1
2, 2 1 2 3,

( ) ( )k k
k k

P P
p P P C

x x y y
     

           
, 

Fig. 5.40.  Area Ω Fig. 5.41.  Graph of function ω(r, z) 

Fig. 5.42.  Graph of the velocity modulus function (Re = 200)

Fig. 5.43.  Graph of the static pressure function (Re = 200)
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where ω, ω1, ω2 — normalized functions that describe the entire border of the 
area ω, the border of the area without taking into account the region Г4 — ω1

and a region of the border Г4 — ω2; function φ: 
i

i

P
n




 


, i = 1,2,3;

 1, ( , )kP x y ,

2, ( , )kP x y  
— undefi ned structure components; C the value of static pressure at 

the exit.
For the problem under consideration, functions ω, ω1, ω2 are constructed 

as follows:

 
 0 0 0 01 1 2 3 4 5f f f f f           

    , 
 

 0 0 0 01 2 7 4 5f f f f f           
    ,

Fig. 5.44.  Hydro cavitation nozzles

Fig. 5.45.  Laboratory studies of the quality of nozzle spraying using a laser
Fig. 5.46.  Semi-industrial tests of the nozzle when burning composite fuel in a boiler 
with a capacity of 1 ton of steam per hour
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where 7 1 1 2 2( )( ) /f z b b b z b    .

Undefi ned components are given in the form , ,
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  , where

1,2l  ,  ( , )i r z  — B-splines of the fi ft h order,  ,l ic  — undefi ned constants.

Function φ: 
i

i

P
n




 


, i = 1,2,3 is constructed using the gluing formula
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where φ1=0, φ2 = 0, 3 2
1

4
Rea

  .

Next, the least squares method is used.
Fig. 5.42, and 5.43 show graphs of functions in the form of lines of con-

stant level on the plane rOz, which are constructed according to the results of 
computational experiments. Th e results of computational experiments were 
performed on a grid of 40 × 40 splines of the 5th order, the number of itera-
tions — 9. Th e calculations were performed in the system POLE [65—69].

Mathematical modeling of liquid fl ow in channels of complex shape, ac-
cording to the algorithm described above, allows to improve existing designs 
of nozzles for diff erent purposes and create  new ones. Analysis of the results 
of numerical simulation of velocity and pressure fi elds at diff erent Reynolds 
numbers allows the selection of the optimal geometry of the nozzles channels, 
which achieves the expected performance [30—33]. 

 Fig. 5.44 shows the current samples of nozzles for the combustion of dif-
ferent types of composite fuel created according to the developed methodol-
ogy. All these nozzles carry out simultaneous mixing, hydro cavitation pro-
cessing, and high-quality spraying of composite fuels.

Experimental laboratory (Fig. 5.45) and semi-industrial (Fig. 5.46) studies 
have proved the high quality of the nozzles.

 Studies have shown that the use of nozzles can not only solve the problem 
of disposal of liquid and moisture-containing waste, in particular, sludge from 
municipal treatment plants, concentrated residues of waste hydraulic fractur-
ing oil and gas wells, phenolic effl  uents, but also save up to 10% of hydrocar-
bons during the production of heat and electricity [29, 34, 71].
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У монографії викладено методи вирішення крайових задач для диференційних 
рівнянь у часткових похідних, які моделюють поля різної фізичної природи (де-
формаційні, силові, гідродинамічні, температурні). Представлено розвиток 
структурних методів для підвищення апроксимаційної здатності базисних 
функцій в околі кутових точок області вирішення крайових задач і також роз-
робку локальних структур, що враховують крайові умови на межі області та сти-
ковку зі стандартним базисом усередині області. Розвиток структурних методів 
на основі цих підходів значно розширює можливості моделювання фізико-меха-
нічних полів в областях складної форми для створення екологічних і економіч-
них пристроїв у різних галузях виробництва. 
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