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FOREWORD

Recently, the design of two-dimensional non-traditional anten-
na arrays (AAs) has gained popularity due to their advantages
not found in conventional equidistant arrays. Sparse AAs, cre-
ated by reducing elements in equidistant AAs, maintain system
quality while reducing weight, energy consumption, and costs.

Common methods for element reduction include genetic
algorithms, biogeography-based optimization, almost differ-
ence sets, particle swarm methods, Ant algorithms, iterative
Fourier transform algorithms, and hybrid approaches. However,
these methods rely on complex optimization techniques, mak-
ing direct sparse AA design challenging. Traditional approaches
treat AA design as a multidimensional, nonlinear local optimi-
zation problem, often leading to unsatisfactory results despite
significant effort. Therefore, there is an urgent need for a straight-
forward, effective method for designing sparse AAs.

The object of this work is the methods of designing two-
dimensional non-equidistant AAs based on special matrices for
use in radio astronomy and radar.

The subject of the study is the determination and optimiza-
tion of the parameters of non-equidistant AAs, including the
pattern, filling factor, and redundancy of the designed AAs in
the decameter wave range.

The scientific novelty of the obtained results includes:

1) Several unconventional, direct, and simple methods for
generating planar sparse antenna arrays using special matrices,
such as magic and Latin squares and triangular matrices, are
proposed.

2) A solution for further optimization of the existing mul-
tidevice and antenna ground surveillance system, aiming at
improving performance and reducing power consumption, is
proposed.

3) A method is created, and an algorithm is developed to
supplement the AA with elements to ensure comprehensive spa-
tial frequency coverage.

7



FOREWORD

4) The characteristics of antenna arrays formed using special matrices are
evaluated, showing that some arrays, especially those obtained using Latin
squares and their triangular matrices, exhibit significantly better characteristics
in terms of the number of elements, redundancy factor, and filling factor.

The structure and scope of the monography. The book consists of an in-
troduction, 5 chapters, conclusions and references. The list of references con-
tains 168 sources. The outline of the main content of the book is as follows:

In Chapter 1, the research history of radiowave propagation, antenna theo-
ry, linear AA, and planar AA was reviewed. Some parameters used in this book
(including radiation pattern, main beam width, average side lobe level, filling
factor, redundancy, spatial frequency, etc.) are explained. And the traditional
matrix-based method of constructing antenna arrays is also explained.

In Chapter 2, the feasibility of constructing non-equidistant AA based on
Latin squares is explored. The algorithm used for computing the coordinates of
the AA, based on “Latin” squares, mirrors the approach employed in AA con-
structed from “Magic” squares. This algorithm is grounded in using the matrix
element values that generate (or form the square) as the basis for the interfer-
ometer created by adjacent elements. While the resulting AA provides complete
coverage of the spatial frequency in the AA element placement area, it exhibits
a substantial redundancy coefficient. Radiation patterns of the generated AA
are studied, and side lobe levels of the obtained non-equidistant AA are as-
sessed. Mitigating redundancy in AA based on Latin squares has a minimal
impact on the main lobe width. However, it significantly reduces fill and redun-
dancy coefficients while notably increasing the average side lobe levels. The pos-
sibility of synthesizing large AA based on component squares using embedded
Latin squares is demonstrated. Characteristics of the obtained grids are exam-
ined under additive and multiplicative shifts, as well as rotation (transposition).
It is shown that employing mutual rotations of individual layers within the syn-
thesized grid can enhance its characteristics. The study establishes that AAs
with the most favorable characteristics are those obtained by embedding a
magic square through additive shifts of elements in a Latin square, resulting in
the formation of a new Latin square. This remains true even when employing
rotation operations (transposition). The results open new possibilities for crea-
ting non-uniform antenna grids with low fill and redundancy coeflicients and
acceptable side lobe levels, surpassing the characteristics of previously utilized
non-equidistant planer AA based on cyclic-difference sets (CDS). New avenues
are proposed in the presented approach and methodology, including the use of
Greco-Latin (Eulerian) orthogonal squares as starting elements, offering prom-
ising possibilities for further exploration.

In Chapter 3, the construction of non-equidistant Antenna Arrays (AAs)
based on Latin squares with CDS as elements, employing the traditional algo-
rithm presented in Chapter 1. The resulting AAs demonstrate nearly complete

8
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spatial frequency coverage with a minimal redundancy factor. Notably, AAs
based on Latin squares utilizing CDS as elements outperform other configura-
tions, offering new possibilities for AAs with reduced filling and redundancy
coefficients. The synthesis of large A As using Latin squares with CDS as element
were also explored, highlighting performance improvements and increased
flexibility in design parameter adjustments. The proposed synthesis approaches
hold potential applications in designing low-frequency radio telescopes, radar
complexes, and systems monitoring seismic and atmospheric activity.

In Chapter 4, a novel AA synthesis method, based on the Latin square and
its triangular matrix, was proposed and has been demonstrated as a direct and
efficient approach for sparse AA synthesis. This method ensures full spatial fre-
quency coverage, reduces array compactness and the overall number of arrays,
while maintaining effective control over side lobes. The synthesized array ex-
hibits a narrow main lobe and low side lobe levels, making it versatile for vari-
ous applications, including radar, communications, radio astronomy, radio-
therapy, remote sensing, automotive, medical imaging, navigation, and more.
Despite the large number of AA elements synthesized using this method, the
array maintains a fixed geometry, displaying consistent characteristics when ro-
tated on a plane.

In Chapter 5, a comparative analysis was conducted using the example of an
antenna element designed for a 25 MHz radio astronomical telescope. The nov-
el approaches to constructing non-equidistant planar sparse AAs utilizing
mathematical constructions such as Magic squares, Latin squares (including
elements in the form of CDS), were proven to offer several unique properties.
Firstly, the methodology is characterized by simplicity and efficiency, steering
clear of the intricate nonlinearity associated with traditional sparse AA design.
Instead, it employs straightforward mathematical concepts like matrix multi-
plication, nesting, and element generation, resulting in a straightforward and
effective AA design process. Secondly, the methodology exhibits regularity and
scalability, as the mathematical concepts employed can be expanded with in-
creasing order, allowing for the synthesis of large AAs. Thirdly, it combines
nonlinearity and multidimensionality, representing a nonlinear approach using
linear forms (matrices) for AA design. The method’s multidimensional natu-
re enables the generation of coordinate matrices of varying sizes, making it
adaptable to multidimensional constraints. Finally, this innovative approach holds
significant future potential, providing a new paradigm for AA design with clear
foundations, transparency, and the prospect for further development. It opens
the door to a comprehensive AA optimization design system, accommodating
additional mathematical concepts, modifications, and replacements. With a suf-
ficient number of projected AAs and a high matrix order, it can facilitate the
creation of knowledge bases for AA classification, systematic studies on the
characteristics of sparse AAs, and the geometric distribution of their elements.

9
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In the Conclusions, a comprehensive review of the entire book is presented.
The book introduces a set of novel direct design methods for 2D non-equidis-
tant AAs based on special matrices, highlighting their numerous advantages
(especially, low cost, low side lobe level, low redundancy while ensuring com-
plete spatial frequency coverage) and versatile applications (especially in the
field of radio astronomy and monitoring for the atmosphere and Geospace).
The prospects for applying these methods are discussed, emphasizing their po-
tential benefits in various scenarios. However, critical shortcomings in current
research are also discussed, including: 1) the absence of specific measurements
in real-world situations, 2) a lack of in-depth understanding of specific applica-
tion scenarios and constraints, 3) the need for further development of the math-
ematical nature of generating sparse AAs based on special matrices, the neces-
sity for comparative analyses of arrays using different types of antennas as an-
tenna units, and 4) the requirement for in-depth analysis and consideration of
signal processing systems (such as phase shifters and signal amplifiers) in the
integration of sparse AA designs. These identified areas for improvement serve
as valuable directions for future research and development in the field.
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INTRODUCTION

Two-dimentional non-equidistant antenna arrays (AAs), in-
cluding sparse linear AAs and sparse planar AAs, help reduce
the number of antenna elements while maintaining high fidelity
and reducing side lobes.

The work is aimed at the development of new methods of
constructing non-equidistant AAs using a set of special matri-
ces. New two-dimentional non-equidistant AAs were created
using magic/Latin square matrices, their nested matrix, a Latin
square matrix using cyclic difference sets (CDS) as an element,
and a triangular Latin square matrix. From a methodological
point of view, a special mathematical concept was used to con-
struct the AA. This is an interesting, unusual approach that cre-
ates the prerequisites for an innovative breakthrough in the de-
velopment of radio telescopes, radars and antenna systems, and
is relevant today.

Urgency of the research. In recent years, the construction
of non-traditional two-dimentional non-equidistant AAs has
become a trend with many advantages that are not found in con-
ventional equidistant AAs [1]. Since the expediency of using
rarefied lattices was obvious, appropriate methods began to be
developed, but their full theoretical justification [2] is still miss-
ing. A rarefied AA can be considered as a result of thinning an
equidistant AA, the total number of active elements of which is
reduced, without a significant deterioration in the quality of the
system [3]. Still, in many cases, sparse AAs are designed by first
designing equidistant AAs, and then using a series of methods
to reduce elements (lattice thinning), such as: genetic algorithm
(GA) [3—6], optimization using a biogeography model [7], ap-
proach based on almost difference sets [8], the particle swarm
method (PSM) [9], the ant algorithm [10], the iterative Fourier
transform algorithm [11—13], and even a hybrid method based
on the iterative Fourier transform and differential evolution
[14]. Some of them have already been put into operation and
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have made it possible to achieve good results: effectively reduce weight, energy
consumption, heat generation, and economic costs of AA.

However, these approaches are based on the application of optimization
methods belonging to fitting methods, and this, in fact, makes it impossible to
design sparse AAs directly. The traditional method of direct lattice design con-
siders the AA design problem as a multidimensional nonlinear local optimiza-
tion [15—19]. Despite the amount of time, energy, and resources spent con-
ducting multiple iterations, the results are still unsatisfactory [20—37]. In view
of this, there is currently an urgent need to develop a formal, simple, and effec-
tive method.

The purpose and tasks of the research. The purpose of the work is to de-
velop methods for creating and optimizing two-dimensional non-equidistant
AAs based on matrices of a special form for full coverage of spatial frequencies
at low values of the filling factor and redundancy, which could be used in low-
frequency radio telescopes and decameter radars. To achieve this goal, the fol-
lowing research tasks were set and fulfilled:

1. To analyze the current state of the problem of modeling two-dimension-
al non-equidistant antenna arrays for low-frequency radio telescopes and radars;

2. To create methods that allow transforming the values of matrices of a
special form into the coordinates of the elements of the AA and a computer
program for calculating the characteristics of the obtained AA, such as:

a) To calculate the radiation pattern (RP), its width, and the average level of
the side petals;

b) To determine the covering spatial frequencies and create a methodology
for their addition to full coverage;

c) To estimate the coefficients of filling and redundancy.

3. To model AAs based on matrices of a special form (Latin squares, magic
squares, triangular matrices) and compare the characteristics of the obtained
AAs with those obtained earlier using CDSs.

4. To compare the characteristics of AAs obtained using the proposed ap-
proach based on special matrices with the characteristics of previously known
non-equidistant AAs.

5. To consider the possibility and potential application of using two-dimen-
sional non-equidistant AAs based on special matrices.

Research methods. The methods of modern radio physics, computational
electrodynamics, and mathematical physics were used in the work to solve
the tasks:

« statistical methods for analyzing the characteristics obtained during the
design of two-dimensional non-equidistant AAs;

« “greedy” algorithm (for addition and deletion of AA coordinates);

« matrix operations (transformation, rotation, expansion, nesting) (using a
special matrix to generate a coordinate AA);

13
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« a technique for analyzing the convolution distribution and histogram (for
determining and analyzing the spatial frequency distribution of AA).

Practical significance of the obtained results. The mentioned new ap-
proaches to the construction of two-dimentional non-equidistant AAs based on
mathematical constructions, such as magic squares, Latin squares, and CDS,
have numerous advantages and unique properties that make them attractive for
research and use in the field of antenna technologies. The main aspects of these
approaches can be justified as follows:

« Simplicity and efficiency. The proposed methods use simple mathematical
concepts such as matrix multiplication, matrix nesting, and matrix element
generation. It avoids complex nonlinear optimization in the design of sparse
AAs, while ensuring efficiency in the synthesis process.

* Regularity and scalability. Using mathematical concepts such as magic
squares and Latin squares makes it easy to scale the size of the AA according
to certain laws. It makes them scalable and suitable for use in various fields
of application.

* Nonlinearity and multidimensionality. The synthesis of AAs using the pro-
posed methods is a non-linear problem; however, the use of matrices for the
generation of coordinate matrices of different sizes allows bypassing multidi-
mensional limitations and solving the corresponding problems.

* Perspective. This approach is new and different from traditional methods.
It forms a new thinking system for designing A As, which has potentially broad
prospects in the field of antenna technology. Its simplicity, efficiency, and exten-
sibility create prerequisites for further research and development.

These methods open up new opportunities for creating AAs with unique
characteristics that can be applied in modern communication and radio engi-
neering systems. Their potential value lies in their ability to meet the require-
ments of a wide range of purposes.

The material presented in the monograph will be useful for scientists and
specialists involved in the development of methods and technologies of remote
sensing of the environment using the radiation of existing terrestrial and space
radio engineering systems.



CHAPTER

THE CURRENT RESEARCH STATE
OF DESIGN AND OPTIMIZATION
OF AN ANTENNA ARRAY

Antenna arrays (AAs) play a critical role in a variety of applica-
tions, including mobile communications [38], synthetic aper-
ture radars [39—44], medicine [45—47], sensing [48], imaging
[49], and radio astronomy [49, 50], ensuring fast and accurate
beam formation. Although some systems operate in the near
field [45, 51—53], studies of far-field emission/radiation charac-
teristics and beamforming often use the far-field approximation
to obtain accurate results. In the far zone [54, 55], the effect of
coupling between array elements is considered insignificant due
to the significant distance between them and low radiation in
the direction of neighboring antennas. The main focus of the
research is on the optimization of parameters and the develop-
ment of AAs in the far-field approximation to improve their per-
formance in beamforming applications.

This monograph considers and investigates AAs created us-
ing magic/Latin square matrices, their nested matrices, Latin
square matrices using cyclic difference sets (CDS) as an element,
and triangular Latin square matrices.

From a methodological point of view, a special mathemati-
cal concept (matrix/square) was used to construct AAs. The al-
gorithm proposed in this monograph is a simple and direct
mathematical method of designing an AA based on matrix cal-
culation, which has wide application and substantial economy.

1.1. Literature review in the field of mathematics,
physics, antennas, and radio wave propagation

The field of propagation of radio waves is large and covers a wide
range of phenomena. Even before Marconi’s pioneering transat-
lantic radio experiment in 1901, scientists struggled with the
complexity of the means of transmission. Early theories, such as
the surface wave models of Zenneck (1907) and the airless dif-
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fraction models of Watson (1918), were quickly superseded by subsequent de-
velopments. The evolution of this field has witnessed a dynamic interaction be-
tween experimenters and theoreticians, leading to the creation of new physical
concepts. The foundation of modern plasma physics can be traced back to the
pioneering work (1920—1938) of Luxmore, Appleton, Ratcliffe, Booker, and
Budden on magneto-ion theory, particularly its application to the description of
the phenomena of electromagnetic waves reflecting oft the ionosphere. The ad-
vent of microwave radar during World War II expanded our understanding of
the influence of the non-ionized troposphere, albeit in a qualitative sense [56].

Electromagnetic energy emitted by a source, such as an antenna, at nearly
the speed of light is attenuated and affected by the medium through which it
passes. In radio communications, this process involves transmitting radio fre-
quency energy into the propagation medium, detecting it remotely, and extract-
ing information while “mitigating” noise and other transmission-related fac-
tors. A complete understanding of radio wave propagation is critical to the
planning and operation of radio communication systems, achieving a balance
between communication costs and availability. Fraidoon Mazda’s research on
the propagation of radio waves covers a wide range of frequencies, from very
low frequencies (VLF) (10 kHz) to the millimeter range (up to 100 GHz). The
influence of the Earth, the atmosphere, and the ionosphere on transmission,
taking into account propagation, was studied in the far field [57]. Fraidoon
Mazda studied the influence of the Earth, atmosphere, and ionosphere on such
transmissions. Analysis assumes distribution in the far field, where the electric
and magnetic components of the wavefront are perpendicular and perpendicu-
lar to the direction of propagation, which occurs several wavelengths from the
antenna. Radio waves propagate in five modes, depending on the medium
through which they pass:

1) propagation in free space: the Earth or its atmosphere does not affect
radio waves;

2) ground wave propagation: radio waves follow the Earth’s surface;

3) propagation in the ionosphere (space waves): radio waves are refracted
due to the ionized layers of the atmosphere;

4) propagation in the troposphere: transmission occurs in “line-of-sight”
with some atmospheric refraction;

5) scattering: natural phenomena such as tropospheric turbulence or ion-
ized meteor trails are used to scatter radio waves.

Antennas play an important role in wireless systems for efficient transmis-
sion and reception of electromagnetic signals in a specified spectrum, direction,
and polarization range [58—60]. Advances in antenna technology have pro-
foundly affected all aspects of daily life, including communications, entertain-
ment, scientific research, and many other applications. The field of antennas
remains very active, as evidenced by annual journal publications, conference
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proceedings, and undergraduate and graduate courses. Radio waves are radiat-
ed most efficiently by metal antennas that are a fraction of a wavelength long
(such as half a wave), and reception of radio waves is best when the receiving
antenna is also a fraction of a wavelength long. Any source capable of producing
electrical oscillations could become the basis of the transmitter; therefore, early
designs used sparks, creating mass mixing of wavelengths. Later designs used
mechanical generators to generate low-frequency waves, which required huge
antennas. Radio carrier modulation always leads to sidebands [61—63]. For
amplitude modulation, the difference between the sideband frequency and the
carrier frequency is equal to the modulation frequency. Early amplitude modu-
lation signal radio receivers consisted solely of an antenna, a crystal, and head-
phones. This arrangement can be used near the transmitter, and multiple trans-
mitter signals can be tuned when coils and capacitors are added. The solution to
the problem with medium wave radio is in the use of a supersonic heterodyne
(superheterodyne) receiver. The principle is to eliminate as much carrier gain
as possible, thus using variable tuning only at the beginning of the receiver
block [64, 65].

The complexity of the antenna system design depends on the requirements
for the radio receiver and the propagation characteristics of the environment.
An antenna array system consisting of multiple antenna units can improve the
performance and functionality of the antenna system significantly and have
better anti-interference capabilities.

1.2. Overview of the development
of antenna theory

The initial experiments illustrating the interaction of electric
and magnetic fields and demonstrating their deterministic relationship were
conducted by Faraday in the 1830s [58]. Faraday’s innovative approach involved
sliding a magnet around a coil connected to a galvanometer. During this mo-
tion, the magnet created a time-varying magnetic field, which produced a cor-
responding time-varying electric field, as predicted by Maxwell’s equations. Es-
sentially, the coil worked as a loop antenna, picking up electromagnetic radia-
tion that was subsequently recorded by a galvanometer, essentially mirroring
the fundamental principle of how antennas work. Significantly, these experi-
ments preceded the formal proposal of electromagnetic waves as a concept.

In 1886, the German physicist Hertz (1857—1894) built the first antenna,
an assembly that today can be described as a complete radio system, operating at
meter wavelengths using terminal-loaded dipoles. The antenna is used as a trans-
mitting antenna, and a resonant square ring is used as a receiving system [55].

In December 1901, Marconi, a researcher in Bologna, Italy, added a tuning
circuit to the Hertzian system, equipped a large antenna and grounding system
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for longer waves, and received a signal from Bordeaux, England, to St. John’s,
Newfoundland — 1.5 miles (2.5 km) of wireless telegraphy. The transmitting
antenna in use at the time was a fan-shaped structure formed by stretching 50
copper wires diagonally from a horizontal wire 48 meters high. It can be consid-
ered the first practical monopole antenna. The source of oscillations was a 70 Hz
spark generator. Later, four wooden towers were used to install a wire network
to form a square single-cone antenna (radiation wavelength 1,000 m). With the
invention and development of electron tubes in the early 20" century, long-
wave communication was first used during this period, and then communica-
tion was developed. Thanks to the discovery of the formation, which was called
the “ionosphere” around 1924, short-wave communication and long-distance
broadcasting began. The basic theory of wire antennas was also created during
this period [56].

On the eve of the Second World War, the invention of the microwave klys-
tron and magnetron led to the introduction of microwave radar, the populariza-
tion of centimeter waves, and the radio spectrum was used more fully [62].
During this period, parabolic antennas or other forms of antennas with a re-
flecting surface were widely used. These antennas are zonal or aperture anten-
nas. In addition, waveguide slot antennas, dielectric rod antennas, spiral anten-
nas, etc., also appeared. Postwar programs such as microwave relay communi-
cations, radio broadcasting, and radio astronomy further developed and im-
proved field and line antenna technology.

The launch of an artificial Earth satellite in 1957 was a pivotal moment in
human history, ushering in a new era of space exploration. This development
has created increased demands on antennas, requiring attributes such as high
gain, accurate tracking, fast scanning, wide bandwidths, and low sidelobes [41].
At the same time, advances in electronic computers, microelectronics technol-
ogy, and modern materials laid the foundation for the evolution of antenna
theory and technology. Practical microstrip antennas [66], representing an im-
portant milestone, were first manufactured in 1972. In recent years, we have
witnessed the introduction of miniature forms of antennas, such as fractal an-
tennas [67—74], which were accompanied by the development of appropriate
antenna signal processing technologies.

1.3. Review of studies of homogeneous
and rarefied antenna arrays

Antenna arrays (AAs) provide higher gain and better radiation
pattern (RP) than a single antenna. High directivity allows the array to limit its
radiation or reception to certain directions of the directional pattern. As the size
of the array increases (that is, as the number of array elements increases), its
aperture also increases. Gratings with wider apertures provide a smaller beam
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width and better angular resolution compared to matrices with smaller aper-
tures [2, 20, 55, 58—60]. The spatial pattern or radiation pattern of an array
represents the direction in which the array emits or receives energy. Due to the
directional properties, arrays are often considered as spatial filters [75, 76]. AAs
play a crucial role in improving wireless communication systems by offering
improved directional patterns and extended coverage [75—83]. The develop-
ment of arrays with low side lobe levels (SLL) is important for minimizing the
interference level and saving energy [71—74, 84, 85, 167—169]. While aperi-
odic arrays can achieve this, their implementation presents challenges due to
the complexity of physical rearrangement and increasing size. Thinning arrays
by selectively deactivating elements is an alternative, offering advantages such
as reduced weight and simplified beamforming networks [74, 86]. Traditional
thinning methods face limitations, which prompts the study of global optimiza-
tion methods, albeit with computational problems [87, 88]. Recent studies have
focused on iterative Fourier transform and analytical methods [89] based on
differential sets [90, 91], which provide computational efficiency but often com-
promises performance. Hybrid approaches aim to find a balance between SLL
reduction and computational efficiency [92—95]. More new mathematical
methods need to be introduced into this field of research.

From the point of view of the mathematical ensemble, sparse AAs (SAAs)
are a subset of inhomogeneous gratings and have the advantage of requiring
fewer sensor elements for a given aperture compared to uniform AAs (UAAs).
Conversely, a sparse matrix with the same number of sensors can provide a
larger aperture and increase the degree of freedom in the estimation of the di-
rection of arrival. These arrays have less impact on connections comparatively
from UAAs. Although minimally AA redundant and AAs with holes of mini-
mum size have been studied for more than 50 years [1—24, 32—50, 58—66,
70—74, 80—86, 96—105], in recent years new sparse arrays have appeared,
such as nested arrays, single arrays and nested arrays. The last decade has been
marked by various modifications and improvements of sensor arrays, highlight-
ing the potential of SAAs in future communication systems due to their perfor-
mance comparable to UAAs.

1.4. Review of possible applications
of sparse antenna arrays

Sparse antenna arrays (SAAs), including two-dimensional non-
equidistant AAs, offer a variety of applications in various fields [98—100, 106].
In radio astronomy, the use of SAA increases the accuracy and sensitivity of
observations, reducing interference [17, 27, 28, 49, 107, 108]. In communica-
tion systems, wireless communication, in particular, SAAs support effective
beamforming, improving signal quality in crowded environments [84]. Radar
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sensor networks, these arrays con-
d tribute to energy-efficient monitor-
ing of the environment. Security sys-
tems benefit from accurate tracking and monitoring capabilities. SAAs are used
in satellite communication [41, 42], increasing communication efficiency [45,
51, 52]. In the context of 5G networks, SAAs facilitate beamforming and mas-
sive MIMO, improving overall network performance and spectral efficiency
[86]. In general, the unique characteristics of SAAs make them valuable for
many technological applications.

In particular, this work considers possible applications of SAAs in radio
astronomy systems (Fig. 1.1). High-gain antennas, low-noise systems, and cool-
ing (with low thermal noise) are critical for radio astronomy systems [17, 18, 27,
28, 311, 49, 107, 108, 119—121]. Because radio astronomy observations from
the Earth’s surface are inherently very sensitive to intentional or unintentional
human interference. In nature, the main source of electromagnetic fields above
about 30 megahertz (MHz) is blackbody radiation, while at lower frequencies
the main source is lightning (ICNIRP, 2009) [122]. Anthropogenic sources of
electromagnetic radiation include radio and television broadcast signals [123—
127, 165—167], which have existed for decades, as well as new sources such as
mobile phones, satellite communication, Wi-Fi, etc., which are ubiquitous in
today’s world society [38, 76]. A complex interaction between different sources
can lead to the fact that one source will interfere with the operation of another
source [128, 129]. A number of different procedures may be adopted, which
may apply to specific frequency bands, specific time periods, and/or different
levels of interference sources, and technical, geographical, and/or regulatory
measures may be applied. In the United States, the Federal Communications
Commission (Chapter 47, Part 15) regulates intentional and unintentional
emissions of radio frequency electromagnetic fields [130, 156—158]. Engineers
and designers of almost all electrical and electronic equipment work to make
their designs resistant to external sources of interference (called electromag-
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netic susceptibility) and to reduce the potential interference that their equip-
ment can create (called electromagnetic interference) [131—144, 156—161,
165—168]. These terms are often combined into the single category of electro-
magnetic compatibility (EMC), which is defined as “the ability of systems,
equipment, and devices to use the electromagnetic spectrum to operate in their
intended operating environment without unacceptable performance degrada-
tion or damage, unintended deterioration due to electromagnetic radiation or
reaction...” (ANSI, 2009) [133].

In the emerging field of radio astronomy, the focus is on increasing sensi-
tivity at all frequencies. The parameters of existing receivers are approaching
the quantum limits. The prevailing trend is a constant increase in antenna re-
ception areas and an expansion of the surveillance band [145—147, 159, 163,
165—169]. Current international efforts, such as the Square Kilometer Array
(SKA) project, aim to create a large radio jamming network with an antenna
reception area of one square kilometer, covering a baseline of 3,000 km and
operating from 100 MHz to 25 GHz. Initiatives such as the LOw Frequency AR-
ray (LOFAR) in the Netherlands, with an antenna coverage area of 100,000 m?
and a baseline of 1,000 km in the frequency range from 30 to 250 MHz, are
examples of the desire for larger coverage areas. Similarly, the Atacama Large
Millimeter/submillimeter Array (ALMA) operates in the frequency range
from 30 to 850 GHz with 64 antenna arrays located 5 kilometers above sea
level in the Andes Mountains. The development of SAAs is consistent with
these changing requirements, advancing the capabilities of radio astronomy.

1.5. Antenna array model and parameters

The performance of these antenna systems strongly depends
on the design of the antenna array (AA). Criteria important to AA design
include beamwidth, sidelobe levels, directivity, noise sensitivity, reliability,
and dynamic range of element excitation. In this book, two design criteria
for evaluating the efficiency of antenna arrays are considered: criteria for the
minimum main beam width (MBW) and the minimum side lobe level (SLL).
There are compromises between these parameters [104].

This subsection presents the basic design methods and parameters used.
As indicated in the literature review, assuming that the antenna elements
work independently, that is, there is no obvious effect of electromagnetic
interaction, the total electromagnetic radiation E emitted by point M can be
considered as a superposition of the main fields:

E(M)zi(oi -E, (M), (1.1)

i=1

where N is the number of antenna elements, o, is the complex weight or
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relative power coefficients of the antenna element A , and the electromag-
netic field E, emitted at point M from the antenna A

AA requlrements (directivity, MBW, SLL, etc.) can be expressed by the
radiation pattern (RP) of the E field in the domain of space ). The RP T’
corresponding to the required levels of lateral radiation, maximum permis-
sible deviations, etc., can be used as a criterion for evaluating the acceptabil-
ity of an AA.

For simplicity and practicality, the elementary elements of the antenna
array are assumed to be omnidirectional (isotropic emitters) with uniform
responses, with uniform transmission coefficients w, = w, = 1, and have the
same physical orientation (all points are oriented in the same direction). The
radiating (or receiving) RP of AAs is simply the array factor (AF) multiplied
by the directional pattern. This concept is known as AR multiplication.

In this case, the corresponding AF for planar AAs on a uniform grating
x, y with a wavelength step d,, d :

X, JIn
F(O,y) = z z exp(jz%tsin 0(md, cosy + pdy sin\p)j, (1.2)
m=x, p=y,

where 0 is the angle measured from the normal to the lattice/AA plane; v is
the angle measured from the X-axis on the lattice or AA plane.

In this book, we use identical isotropic emitters a, = a, =1, and place
the X and Y axes in the same wavelength intervals. If d d, = d, then the
phase shift between two arbitrary emitters is equal to:

27nd
t=— 0. (1.3)
}\‘ Sln

Further, formula (1.2) can be written in the following form for simula-
tion calculation: N
F(t,y)= Zexp(jt sinO(x(i)cosy + y(i)siny). (1.4)
i=1
Based on the expression for RP of AA, the calculations of its parameters,
MBW and SLL, are determined as follows:
MBW — the effective width of the main beam/lobe of AA RP (Aw
the level of half the power;
SLL — average level of side beams/lobes of AA RP:

o - .
SLLZ\/ )y (AzlzﬁF(At,Aw)H > i|F(At,A\|/)|) /Nmax, (1.5)
Ay=-mAAr=—m =l At=Aw/2 n=1

where the summation is performed outside the main petal along N___pixels.
The main advantage of non-equidistant (sparse) AAs over equidistant
ones is the simplification of the design due to the reduction of the number of
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elements (emitters/receivers, phase shifters, etc.) while preserving the main
properties. Therefore, for such gratings, the filling coeflicient is an important
parameter:

o= 0 > (1.6)
%
where N is the number of lattice/ AA elements; v is the number of nodes of
an equidistant lattice in which they can be located/placed.
Or the redundancy coefficient:

0 _ No
B_ﬁ_m’ (1.7)

where S, M|, and M, are the effective area, length, and width of the corre-
sponding equidistant lattice/ AA. For rectangular lattices M, = M, = M, where
M is the width (length) of the corresponding equidistant lattice (the AA co-
ordinate plane) and B=+/N,xa. .

Referring to these parameters, the research problem can be transformed
to obtain antenna arrays with a given number of elements that have the
smallest MBW, the smallest SLL, and the smallest fill/redundancy coefficient.
Of course, this is an ideal situation. In fact, we can only look at it holistically
and make trade-offs depending on our situation and sacrifice some perfor-
mance if necessary.

1.6. The traditional basic method
of designing a two-dimensional non-equidistant
antenna array using a matrix

The elements S, of the Latin/magic square can be considered as
distances between adjacent elements of AAs. Then the coordinates of the ele-
ments that make up the AA can be written in terms of the S, values in row l and
column j (as shown in Fig. 1.2):

; ' 1.8

where x, is the absc1ssa and y, is the ordlnate

The obtained complex 1ntegers Z, = x, + iy, are Gaussian numbers that
determine the coordinates of the AA elements The coordinates of the ele-
ment Z, are shifted from the previous elements along the abscissa and ordi-
j , obtained on the
basis of the matrix ||S||, whose elements are the elements of a special square
matrix (for example, a magic/Latin square), determines the coordinates of
the elements of a two-dimensional sparse AA.
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Fig. 1.2. Schematic diagram of the coordinates of the antenna array elements formed
by the S matrix in the XOY plane

The corresponding spatial frequencies D_and D, which are covered
along the X and Y axes, are determined by the difference in the coordinates
of the AA elements:

D = X=X, and Dy =Y~ Ve (1.9)

When the spatial frequencies are completely covered, the average level
of the side lobes of the AAs’ RP will be lower, because the spatial frequency
represents the spatial phase difference between independent array elements.
These phase differences lead to the fact that the AA will compensate for the
additional side lobes of the RP.

It is worth mentioning that the AA obtained by the above-mentioned
formula (1.8) using the Latin matrix has a very high redundancy compared
to the magic square [22—24], although it is completely covered. The thesis
presents improved methods of AA design using Latin squares to overcome
this drawback.

1.7. Conclusion

The history of research on antennas, linear antenna arrays
(AAs), and planar AAs has been reviewed. The application of sparse AAs is
presented with a special emphasis on possible applications and urgent needs
in the field of radio astronomy. Some of the parameters used in the thesis are
explained (including pattern, main beam width, average side lobe level, fill
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factor, redundancy, spatial frequency, etc.). The traditional matrix method
of AA construction is explained.

The analysis conducted made it possible to formulate a list of problems
to be solved in the monograph:

1. To analyze the current state of the problem of modeling two-dimen-
sional non-equidistant antenna arrays for low-frequency radio telescopes
and radars.

2. To create methods that allow transforming the values of matrices of a
special form into the coordinates of the elements of the AA and a computer
program for calculating the characteristics of the obtained AA, such as:

a) Radiation Pattern (RP), its width, and the average level of the side
petals;

b) covering spatial frequencies and the method of their addition to full
coverage;

c) filling and redundancy factors.

3. AA Model based on matrices of a special form (Latin squares, magic
squares, triangular matrices) and compare the characteristics of the obtained
AAs with those obtained earlier using cyclic difference sets.

4. Compare the characteristics of AAs obtained using the proposed ap-
proach based on special matrices with the attributes of previously known non-
equidistant AAs.

5. Consider the possibility of using sparse planar AAs based on special
matrices.
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DESIGN AND OPTIMIZATION
OF SPARSE PLANAR ANTENNA
ARRAY BASED ON LATIN SQUARES

In works [22, 23] and subsection 1.6, an attempt was made to
use existing mathematical constructions, such as, for example,
magic squares, to construct two-dimensional non-equidistant
antenna arrays (AAs) and lattices. This made it possible to ex-
pand the possibilities of constructing two-dimensional lattices,
for which previously two-dimensional sets [17—21] construc-
ted artificially by L.E. Kopilovich and L.G. Sodin, taking into
account the one-dimensional cyclic difference sets proposed by
Liper [15, 16], were used. This section outlines the further
development of these ideas. The possibility of using Latin squa-
res for the construction of two-dimensional non-equidistant
AAs/lattices was considered, and their characteristics were
investigated.

2.1. Latin squares and their properties

The historical origins of the Latin square can be traced back to
ancient China and India. The earliest record of the Latin square
appeared in the book “Detailed Explanation of the Nine Chap-
ters of Algorithm” by Yang Hui, a mathematician in the South-
ern Song Dynasty of China, which was completed around 1275.
In the book, Yang Hui described a “vertical and horizontal dia-
gram,” which can be regarded as an early form of the Latin
square. The modern definition of the Latin square was proposed
by the Swiss mathematician Euler in the 18" century. He studied
the properties of such squares and attempted to solve a famous
mathematical problem, the “36 officer problem,” which involves
constructing a 6x6 Latin square that contains six different
elements in each row and column, and each element appears
exactly once. Although Euler failed to solve this problem, his
work inspired in-depth research on the Latin square.



2.1. Latin squares and their properties

The Latin square is also widely used outside the field of mathematics. For
example, in experimental design, the Latin square can be used to arrange ex-
periments to reduce interference between variables, so as to more accurately
evaluate the experimental results. In statistics, the properties of the Latin square
are used to design more effective sampling methods to improve the quality and
efficiency of data collection. With the development of mathematical theory, the
study of Latin squares has gradually deepened. The generalized forms of Latin
square, such as generalized Latin square and incomplete Latin square, have also
become a hot topic of research. These studies have not only enriched the con-
tent of combinatorial mathematics but also provided new tools and perspectives
for solving practical problems.

A Latin square of the n™ order is a matrix L = (lij) of size nx n, filled with n
elements of the set Q in such a way that in each row i, each column j, each ele-
ment of Q occurs exactly once [30, 31]. An example of a Latin square of the 3

order:
A BC
C A B (2.1)

BCA

Let us consider the main stages of modeling the scattering of electromag-
netic waves by objects of complex shape, the main components of the scattered
field, and compare the obtained asymptotic models for objects that have ana-
lytical or known asymptotic solutions of the problem of diffraction of electro-
magnetic waves on them.

It can be represented in the form {(1, 1, A), (1, 2, B), (1, 3, C), (2, 1, O),
(2,2,A),(2,3,B), (3,1, B), (3,2, C), (3, 3, A)}, where the first and second ele-
ments are the position of the element in the matrix, and the third is the value.

If the set Qis the set of natural numbers {1, 2, ..., n} ortheset{0, 1, ..., n - 1},
then we will have for the 3™ order a Latin square according to the following
formula(A=1,B=2,C=3):

3
2.
] (2.2)

If the set Q is a set based on the unit diagonal square matrix of natural num-
bers, namely:

100

A=U,=[010], (2.3)
001
100

A=U,=[010], (2.4)
001
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then we will get a square of the 9" order of the following form:
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If we take the unit square matrix as the set Q, then we have:

(2.8)
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If Q is the set of the magic squares of natural numbers of the 3 order M,,

then we have:

3M3

816
M,=|357|
492
816
A=M,=|357|
492
16 212
B=2-M,=| 610 14|,
818 4
24 318
C=3-M,=| 91521},
1227 6
8 1 616 21224 31
357 61014 9152
4 9 2 818 41227
24 318 8 1 616 21
91521 3 57 6101
1227 6 4 9 2 818
16 21224 318 8 1
61014 91521 3 5
818 41227 6 4 9

NN PR~

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

If Q is the set of the magic squares of natural numbers M,, M. (with a rota-
tion of 90 degrees), and M.” (with a rotation of 180 degrees), then we have:
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(2.18)

(2.19)

(2.20)
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The approaches discussed above give an idea of the broad possibilities for
constructing Latin squares of various types and, based on them, non-equidis-
tant AAs.

As you can see, some of the considered constructions of Latin squares are a
more general case compared to magic squares. At the same time, if in the magic
square of the n™ order, each of the n* numbers occurs only once, then in the
Latin squares of the n™ order, each of the # numbers occurs only once in a
row or column, and occurs # times in total. This means that in the Latin square,
the numbers of which they are composed will occur n times. Since each ele-
ment of the Latin square will be considered in the future as the distance be-
tween the elements of the interferometer, then in the AA built based on the
Latin square, the redundancy factor n is first introduced for all frequencies
covered from 1 to n.

It is worth mentioning that in the field of combinatorial design in mathe-
matics, the Latin square, as a matrix with rich symmetric properties, has always
been the focus of researchers. Using permutation groups to construct Latin
squares is one of the most effective methods. A permutation group is a group
composed of permutations, which refers to the operation of rearranging a set of
elements. When constructing Latin squares, permutation groups provide a sys-
tematic method to generate square matrices with specific arrangement charac-
teristics. For example, consider a 3™ order Latin square, which we can construct
using permutations in S, (symmetry group). S, contains six permutations of
elements, and through these permutations, we can obtain six different 3™ order
Latin squares.

This construction method not only has great theoretical significance but
also shows its strong application potential in practical applications such as ex-
perimental design, coding theory, and statistics.

2.2, Modeling, evaluation and optimization
of the characteristics of sparse planar antenna
arrays based on the traditional Latin square

The coordinates of the elements of the antenna array (AA), cal-
culated according to formula (1.8), and their location are shown in Fig. 2.1 and
the view of the directional diagrams in the Cartesian and polar coordinate sys-
tems are shown in Fig. 2.2. In Fig. 2.1, points show the location of the initial
elements of the lattice obtained based on the Latin square (hereinafter they will
be denoted as AA (X, Y),,), the “star” shows the elements additionally intro-
duced into the AR that provide full coverage of spatial frequencies — they will
be denoted as (X, Y),,,, and “excessive” elements of the antenna array are marked
with “non-filled dots (hollow),” after removing which the full coverage of spatial
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Fig. 2.1. Coordinates of AA
elements and their location 1f o
on the XOY coordinate . . . . .
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b

Fig. 2.2. Radiation pattern of the AA based on the Latin square of the
3 order in the Cartesian (a) and polar (b) coordinate systems
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Using the Latin square matrix of the third order, the radiation pattern
(RP) of the AA, which is built on the basis of formula (1.8), is displayed in
the Cartesian coordinate system and the polar coordinate system, as shown
in Fig. 2.2.

The spatial frequency ranges covered by each of these structures: (X, Y),,,
(X,Y),,,» and (X, Y) , are shown in Fig. 2.3, and RP of the new AA after
removing redundant elements — in Fig. 2.4. RP of the AA, based on a trun-
cated (with excess points removed) AA (X, Y),, , is displayed in the Carte-
sian and polar coordinate systems, as shown in Fig. 2.4.

Comparing the distribution of frequency areas covering Fig. 2.3, it can be
seen that the elimination of excess points leads to a more even distribution of
the covered frequencies, but at the same time, the level of side lobes increases.

It should be noted that the analysis of the covered frequencies is carried out
in the selected XOY coordinate system. Obviously, it should be required that a
sufficiently dense (preferably complete) coverage of the area of spatial frequen-
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2.2. Modeling... antenna arrays based on the traditional Latin square

Fig. 2.4. Ra-
diation pat-
tern of the
AA (X, Y),,
in Cartesian
(a) and polar
(b) coordina-
te systems

cies is carried out when the selected coordinate system is rotated arbitrarily.
Only in this case, it is expected that the level of side lobes will remain acceptable
in the entire range of working angles. If the number of frequencies covered by
one of the axes sharply decreases, while rotating the coordinate system, which
will happen when most of the elements lie on another axis, then such an AA is
unlikely to have an acceptable level of petals in the entire range of angles.
Numerical values of the parameters obtained by AAs ((X, Y) ,, (X, Y) ,,,
(X, Y),, ) are given in the Table 2.1. The last column of the table shows the rela-
tive change in the AA characteristics after the elimination of redundant elements
compared to the original lattices (columns are filled with green and yellow).
Those characteristics that improve are filled in green, and those that worsen are
in red. From the analysis of the relative change in characteristics from (X, Y) ,
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Table 2.1. Comparison of AA parameters ((X, Y), ,, (X, Y),. (X, Y),,)
Array Initial AA AA with added AA with removed | Relative change (%)
parameters X Y), elements (X, Y) ,, | elements (X,Y), [ (X Y), Vs (X,Y),
Aw, - (radian) | 0.9704 0.8763 1.1688 -20.4436
Aw, (radian) 2.9847 2.7541 2.5109 15.8729
m 0.3067 0.2803 0.3944 -28.5971
N, 9 10 6 33.3333
X XY 6%x6 6%x6 6%6 0
S 36 36 36 0
a 0.2500 0.2778 0.1667 33.3333
g 1.5000 1.6667 1 33.3333
Table 2.2. Comparison of AA parameters (X, Y) ,, (X, Y) o X Y) )
Array Initial AA Initial AA AA with remote Relative change (%)
parameters X Y), X Y) 40 elements (X, Y) , . |(X,Y) . Vs (X Y) 00
Aw, - (radian) 0.9704 0.8213 0.9632 -17.2845
Aw, (radian) 2.9847 2.7826 2.0064 27.8974
m 0.3067 0.1900 0.3899 -105.1551
N, 9 81 6 92.5926
X XY 6%x6 6%6 6%x6 0
S 36 36 36 0
a 0.2500 2.2500 0.1667 92.5926
B 1.5000 13.5000 1 92.5926

to (X, Y),, it can be concluded that the removal of redundant points leads to a
deterioration of the RP characteristics (an increase in the width and level of the
side lobes), however, other lattice parameters are significantly improved (filling
and redundancy factors are reduced). Moreover, the magnitude of improve-
ment in characteristics is somewhat greater than the observed deterioration.

2.3. Modeling, evaluation, and optimization
of characteristics of sparse planar antenna
arrays based on nested Latin squares

In [22, 23], we showed the possibility of creating large-sized an-
tenna arrays (AAs) using nested magic squares. A similar approach can be used
when using nested Latin squares. Using several simple squares and nesting one
inside the other, the size of the synthesized AA can be increased significantly.
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2.3. Modeling... antenna arrays based on nested Latin squares

Different combinations of squares can be used, which means various generating
matrices for AA formation.

2.3.1. Unit diagonal matrices as nested submatrices

As mentioned in CHAPTER 1 of this book, a nested Latin square
of the 3™ order has a nesting of a set of unit diagonal matrices in the form (U,),
while we obtain the matrix (L, ) and further calculate the coordinates accord-
ing to the formula (1.8). We have:

1,1 (1,0) (1,0) (3,2) (3,0) (3,0) (6,3) (6,0) (6,0)
0,1) (L,1) (1,0) (1,2) (3,2) (3,0) (3,3) (6,3) (6,0)
0,1 (0,1) (1L,1) (1,2) (1,2) (3,2) (3,3) (3,3) (6,3)
(3,4) (3,1) (3,1) (4,3) (4,2) (4,2) (6,5) (6,3) (6,3)
(0,4) (3,4) (3,1) (3,3) (4,3) (4,2) (4,5) (6,5) (6,3) |. (2.22)
(0,4) (0,4) (3,4) (3,3) (3,3) (4,3) (4,5) (4,5) (6,5)
(2,6) (2,4) (2,4) (5,6) (5,3) (5,3) (6,6) (6,5) (6,5)
(0,6) (2,6) (2,4) (2,6) (5,6) (5,3) (5,6) (6,6) (6,5)
(0,6) (0,6) (2,6) (2,6) (2,6) (5,6) (5,6) (5,6) (6,6)

(X,Y)

L3UD —

The coordinates of the elements of the AA and its distribution are shown in
Fig. 2.5 and Fig. 2.6.

AA is built based on third-order nested Latin squares (L, ) using a set of
unit diagonal (U,) matrices as submatrices. The radiation pattern (RP) of this
developed AA is shown in Fig. 2.6.

It can be seen that this square and the produced AA are characterized by a
large number of overlapping frequencies (great redundancy). In Fig. 2.5, the
elements of the AA are shown with colored round dots — the AA (X, Y) ,
open circles show points that can be removed while providing full coverage of
the spatial frequency — the AA (X, Y),, .. Those points that had multiple
coverage and part of which was removed are shown as filled and empty at the
same time. After deleting redundant points, you can compare the spatial fre-
quencies covered using AA (X, Y),, ,and AA (X, Y) , . The obtained results
are presented in Fig. 2.7. It can ¢ . o
be seen that the original grid was cha-
racterized by a very large redundancy
of elements and a very high multiplici-
ty of covering frequencies, as shown in
Fig. 2.7, a. 3+ ° o o

5+ o '

Fig. 2.5. Coordinates of AA elements (X,

Y), ,up Dased on a Latin square of 3" order
with a nested set of single diagonal matrices 5 . 5 s s
of 3" order and their location 0 1 2 3 4 5 6
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CHAPTER 2. Design and optimization of sparse planar antenna array based on latin squares

Fig. 2.6. The radiation pattern of the AA (X, Y)
polar (b) coordinate systems

in Cartesian (a) and

L3UD

After the removal of redundant points, the multiplicity of frequency cover-
age decreased significantly — Fig. 2.7, b. At the same time, it should be noted
that after removing the excess points, the remaining points are placed unevenly
in space, most of them are grouped at angles of —-45° and 135°. This means that
in the coordinate system rotated by this angle, frequency coverage may be
incomplete, which is manifested in large values of the side lobes at certain ang-
les — Fig. 2.7.
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Fig. 2.7. Distribution of covered spatial frequencies along the
x-axis and y-ordinate for the original AA ((X, Y) , ) (a), and
after removing redundant points ((X, Y),, ,) (b)

(=)
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Table 2.2 shows a comparison of the characteristics of the simple (X, Y) ,
and the nested AA of the original (X, Y) and after removing the redundant
elements (X, Y), ,up Tespectively.

RP of the AA (X, Y),,,,» based on the truncated (with distant excess points)
AA (X, Y) ,p is displayed in the Cartesian and polar coordinate systems, as
shown in Fig. 2.8.

Analyzing the relative change in the characteristics of AA (X, Y) , , and
(X, Y),,p_ it can be concluded that the removal of points leads to the deteriora-
tion of the characteristics of the RP — the expansion of the main beam and the
increase in the level of the side lobe levels, but it significantly reduces the coef-
ficients of filling and redundancy of the AA.

From the comparison of AA (X, Y) ,and (X, Y),,» it follows that the crea-
tion of the generating matrix based on Latin squares and the matrix of units
does not lead to an increase in the size of AA, but improves its quality. This does
not lead to a narrowing of the width of the main petal, but allows to for a reduc-
tion in the average level of the side lobes.

L3UD

2.3.2, Unit square matrices as nested submatrices

As was mentioned in the first section of this chapter, the embed-
ded Latin square of the 3 order has an embedding of a set of unit square matri-
ces in the form (U)), we get the matrix (L, ), and further, after calculating the
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CHAPTER 2. Design and optimization of sparse planar antenna array based on latin squares

b

Fig. 2.8. Radiation pattern of the AA (X, Y)
polar (b) coordinate systems

Lsup. in the Cartesian (a) and

coordinates according to the formula (1.6), we get:

L) 2,1 3,1 (2 (7,2) (9,2) (12,3) (15,3) (18,3)

(1L,2) (2,2) (3,2) (54) (7,4) (94) (12,6) (15,6) (18,6)
(L,3) (2,3) (3,3) (56) (7,6) (9,6) (12,9) (15,9) (18,9)
(3,6) (6,6) (9,6) (10,7) (1L,7) (12,7) (14,11) (16,11) (18,11)
(X,Y),0= (3,9) (6,9) (9,9) (10,8) (11,8) (12,8) (14,13) (16,13) (18,13) |.
(3,12) (6,12) (9,12) (10,9) (11,9) (12,9) (14,15) (16,15) (18,15) | (2:23)
(2,14) (4,14) (6,14) (9,12) (12,12) (15,12) (16,16) (17,16) (18,16)
(2,16) (4,16) (6,16) (9,15)(12,15) (15,15) (16,17) (17,17) (18,17)
(2,18) (4,18) (6,18) (9,18) (12,18) (15,18) (16,18) (17,18) (18,18)
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Fig. 2.9. Coordinates of .
AA elements (X, Y) ,» (X, 12+ o o °
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sed on the Latin square of 8| coo
the 3 order with a nested 6L o eoo e °o
unit square matrix of the 4| o o o
third order as submatrices, coo o o
. . 2tooo0 o o o
and their location on the coo
coordinate plane 0 2 4 6 8 10 12 14 1618

0.6 08

Fig. 2.10. Radiation pattern of the AA (X, Y)
polar (b) coordinate systems

Ly in Cartesian (a) and
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Table 2.3. Comparison of AA parameters (X, Y) ,, (X, Y) . (X Y) , pand (X, Y) )
Antenna array | Initial AA | Initial AA | Initial AA AA with remo- |- Relative change
arameters (X,Y) X, Y) X Y) ved elements () (X, Y) 500
p > 113 > 1J1sup > LUl X Y) o Vs. (X, Y),
Aw, . (radian) | 0.9704 0.8213 0.3099 0.3339 -7.7597
Aw, (radian) 2.9847 2.7826 1.6582 1.7321 -4.4617
m 0.3067 0.1900 0.1070 0.2983 -178.9076
N, 9 81 81 11 86.4198
X XY 6x6 6x6 18x18 18x18 0
S 36 36 324 324 0
a 0.2500 2.2500 0.2500 0.0340 86.4198
B 1.5000 13.5000 4.500 0.6111 86.4198

Built on this type of square, AA will consist of 3 types of equidistant fully
filled lattices with distances between elements {1, 2, 3}. It is obvious that it will
have a large redundancy factor. The coordinates of the location of AR elements
are shown in Fig. 2.9. In this case, the “points” are the original points of

AA(X,Y)
40

L3ur

An additional point is marked with an “asterisk”, providing full



2.3. Modeling... antenna arrays based on nested Latin squares

b

Fig. 2.12. Radiation pattern of the AA (X, Y)
polar (b) coordinate systems

Ly in Cartesian (a) and

frequency coverage ((X,Y) ,,,); “Empty dots” show remote points with full cove-
rage of (X, Y), ) frequencies, filled points show the ones remaining after removal.

Consider the areas of spatial frequencies covered by each of these struc-
tures: (X, Y) ,p» (X, Y) 4o and (X, Y), .- The results are shown in Fig. 2.12.
From the comparison of Fig. 2.12, a, Fig. 2.12, b, and Fig. 2.12, ¢, it can be seen
that a significant reduction in the redundancy in the covered frequencies, as
well as a more even distribution of the frequencies covering the grids with the
redundant points removed.

AA is built based on third-order nested Latin squares (L3U ) using a set of unit
matrices (U,) as submatrices. The RP of this developed AA is sflown in Fig. 2.10.
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90—~ oo Fig. 2.13. Coordinates of AA elements (X,
80| © R Y) e XK Y) e and (X, Y), . based on
70 L ° o the Latin square of the 3" order with a nest-
60L o © ed identity square of the third order and
50 their location on the coordinate plane
e
40 + o .. . .
30l o Distribution of covered spatial fre-
20 . quencies along the x-axis and y-ordi-
I o 8 °g nate for the original AA ((X,Y), ), AA
1000 o . with added point ((X, Y) ,,,), and AA
a Il Il

0 10 20 30 40 50 60 70 80 90 after removing extra points ((X, Y)BUI_)
are shown in Fig. 2.11.

RP of the AA (X, Y),,,» based on the truncated (with redundant points
removed) AA (X, Y),, , is displayed in the Cartesian coordinate system and the
polar coordinate system, as shown in Fig. 2.12.

The results of comparing the characteristics of AAs ((X, Y)
(X, Y),,,,.) are shown in the Table 2.3. If we analyze the relative change in cha-
racteristics for AAs (X, Y) ,, and (X, Y) , ., we can conclude that the removal
of redundant points significantly reduces the coefficients of filling and redun-
dancy of AAs, but leads to a significant increase in the average level of side pe-
tals. At the same time, the main petal expands a little, although the value chan-
ges slightly. From the analysis of the relative changes in the AA characteristics
from (X, Y) ,, to (X, Y) ,,,, it can be concluded that adding another point to
the origin of the coordinates is useful for reducing the levels of the side lobes
and narrowing the width of the main beam.

Comparing the RP parameters for AAs (X, Y) , ,and (X, Y) it can be
seen that the combination of the Latin square with the unit square allows to
increase the size of the AA, narrow the width of the main petal, and reduce the
level of the side petals, better than the previously synthesized square on based
on the unit square.

Comparing the RP parameters for AAs (X, Y), ,and (X, Y),, , it can be seen
that for a Latin square nested with the n' order single square, the size of the AA
will expand by nxn times, and the width of the main beam will decrease by »n
times Similarly, for the average level of the side lobes — they will decrease by n
times. Therefore, using the nesting of the n'™ order of the unit square, it is pos-
sible to increase the size of the AA by n times, reduce the effective width of
the main petal by n times, and also reduce the average level of the side lobes
by n times.

From the analysis of Fig. 2.9, a for the coordinates of the AA elements, it
can be seen that for the matrix generating (X, Y) , , within each block, the ab-
scissa coordinates on the column do not change in the same way as the ordi-
nates on the row.

42
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2.3. Modeling... antenna arrays based on nested Latin squares

2.3.3. Magic squares as nested submatrices

As mentioned in the first section of this chapter, a nested Latin
square of order 3 has a nesting of a set of nested magic square matrices of the
form (M,). At the same time, we obtain the matrix (L, ,) and calculate the co-
ordinates further according to the formula (1.6). We have:

(X’Y)L3M3 =

(8,8) (9,1) (156) (3L,16) (33,2) (45,12) (69,24) (72,3) (90,18)
(3,11) (8,6) (15,13) (21,22) (31,12) (45,26) (54,33) (69,18) (90,39)
(4,15) (13,15) (15,15) (23,30) (41,30) (45,30) (57,45) (84,45) (90,45)
(24,39) (27,18) (45,33) (53,38) (54,31) (60,36) (76,61) (78,47) (90,57)
=| (9,48) (24,33) (45,54) (48,41) (53,36) (60,43) (66,67) (76,57) (90,71) |. (2.24)
(12,60) (39,60) (45,60) (49,45) (58,45) (60,45) (68,75) (86,75) (90,75)
(16,76) (18,62) (30,72) (54,69) (57,48) (75,63) (83,83) (84,76) (90,81)
(6,82) (16,72) (30,86) (39,78) (54,63) (75,84) (78,86) (83,81) (90,88)
(8,90) (26,90) (30,90) (42,90) (69,90) (75,90) (79,90) (88,90) (90,90)

Obtained based on the matrix that generates the coordinates and type of
AA (X,Y),,,,, are shown in Fig. 2.13 and the RP of AA (X, Y) ., . in the Carte-
sian and polar coordinate systems in Fig. 2.14. The notation used is the same as
before: “filled dots” are the starting points ((X, Y) ,,), “asterisks” are additional
points for full coverage ((X, Y) “empty dots” are remote ones points with
full frequency coverage (X, Y),,,,,)-

AA (X, Y),,,,, is built on third-order nested Latin squares (L,,,,) using a set
of M, magic matrices as submatrices. The RP of this developed AA is shown
in Fig. 2.14.

Distribution of covered spatial frequencies along the x-axis and y-axis for
the original/initial AA ((X, Y),,,.,), AA with an added point ((X, Y) ), and
AA after removing extra points ((X, Y),,,,, ) are shown in Fig. 2.15.

Consider the areas of spatial frequencies covered by each of these struc-
tures: AA (X, Y) 0 (X, Y) 4150 and (X, Y), . . The results are shown in Fig. 2.15.
It can be seen that, in contrast to the previous cases ((X, Y),,, (X, Y) ;00 (X, Y) 40
(X, Y),,\)> With this method of construction of the AAs, it is possible to obtain
a more uniform coverage of the spatial frequency grid with a lower frequency of
repetition of the same frequencies (Fig. 2.15 a, b). Removing redundant ele-
ments makes it more uniform (Fig. 2.15 ¢). The directional diagrams of this AA
(X, Y),,,,,. are shown in Fig. 2.16.

Table 2.4 shows the characteristics of AA (X, Y) , based on a simple Latin
square and AA (X, Y), , . obtained by inserting a magic square of 3™ order into
a Latin square.

RP of AA (X, Y),,,.,» based on the truncated (with excess points removed)
AA (X, Y),,,s is displayed in the Cartesian and polar coordinate systems, as
shown in Fig. 2.16.

L3M3+)’

L3M3+

L3M3
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/(2. 0
( 7T) normalized Vi/4 _1/2 _1/2

Fig. 2.14. Radiation pattern of the AA (X, Y)
polar (b) coordinate systems

in Cartesian (a) and

L3M3

Observing the relative change in the characteristics of AAs from AA (X, Y), .
to AA (X, Y), > We can conclude that the removal of redundant points allows
for a significant reduction in the coefficients of redundancy and filling of AA,
but leads to a significant increase in the average level of side lobes. At the same
time, the width of the main petal expands a little, although this change is small.
From the changes in the AA’s characteristics when going from AA (X, Y) ., to
AA (X, Y), .., it can be concluded that adding an AA element to the origin of
the coordinates is useful for reducing the level of the side petals and narrowing
the width of the main beam.

Comparing the RP parameters for AA (X, Y) , and AA (X, Y), ., we can
conclude that the use of the Latin square, with the addition of the n™ order of

a4
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the magic square, allows you to expand the size of the AA aperture by MxM
times, and reduce the width of the main petal by M times, while reducing the
average level of the side petals by n times. Therefore, we can, when nesting the
n™ order of the unit square, increase the size of the AA by M times, and reduce
the width of the main petal by M times, as well as reduce the average level of the
side petals by n times, where M is a magic constant equal to (n* + 1) - n/2. This
made it possible to reduce the fill factor by (M/n)* times, reducing the redun-
dancy factor by n*/M times.

2.3.4. A magic square
and its rotation matrices
as nested submatrices

As mentioned in the first section of this chapter, a third-order
nested Latin square has a nest of magic square matrices and their rotation mat-
rices of the form (M,, M/, M."). We obtain the matrix (L, ), and the further
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Y -0.5

b

Fig. 2.16. Radiation pattern of the AA (X, Y)
polar (b) coordinate systems

Ly, in Cartesian (a) and

calculation of coordinates can be obtained from formula (1.6):

(X’Y)L3M3R =

(8,8) (9,1) (15,6) (21,6) (28,7) (30,2) (32,2) (4L,9) (45,4)
(3,11) (8,6) (15,13) (16,7) (21,12) (30,11) (37,9) (42,14) (45,7)
(4,15) (13,15) (15,15) (23,15) (26,15) (30,15) (36,15) (37,15) (45,15)
(2,17) (11,24) (15,19) (23,23) (24,16) (30,21) (36,21) (43,22) (45,17)
=|(7,24) (12,29) (15,22) (18,26) (23,21) (30,28) (31,27) (36,27) (45,26) |. (2.25)
(6,30) (7,30) (15,30) (19,30) (28,30) (30,30) (38,30) (41,30) (45,30)
(6,36) (13,37) (15,32) (17,32) (26,39) (30,34) (38,38) (39,31) (45,36)
(1,37) (6,42) (15,41) (22,39) (27,44) (30,37) (33,41) (38,36) (45,43)
(8,45) (11,45) (15,45) (21,45) (22,45) (30,45) (34,45) (43,45) (45,45)
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Fig. 2.17. Coordinates of AA elements (X, 45
Y)L3M3R’ X, Y)L3M3R+’ and (X, Y)L3M3Rf based 40

on the Latin square of the 3™ order with a o
. . . 35

nested identity square of the third order, 30

25

their location on the coordinate plane
20

15

In this case, the element of the Lat-
in square is the original magic square
transformed with the help of a rotation 10
(transpose) o+peration. >

The coordinates of AA elements :
and their location on the plane are shown
in Fig. 2.17. The type of RP of the original AA (X,Y),,,,,, is also given here.

An AA constructed from third-order nested Latin squares (L,, . ) by taking
the set of magic matrices and their rotation matrices of the form (M,, M;, M)
as a submatrix. The RP of the developed AA is shown in Fig. 2.18.

Spatial frequencies are shown in Fig. 2.19, which are covered along the
x-axis (red curves), the y-ordinate (blue curves) for the original AA (X, Y)
a, with the added point ((X, Y)
(X, Y)L3M3R—) — ¢

Marks in Fig. 2.17 are used the same as before: with a “dot” — the original
AA elements are marked, with an “asterisk” there is an additional element that
provides full coverage of the AA frequencies, with “empty dots” — deleted points
are shown when full coverage is provided. Let’s consider the areas of spatial
frequencies covered by each of these structures: AA (X, Y) AA(X,Y)

(o] 1 1

0 5 10 15 20 25 30 35 4045

L3M3R) -

Lsvsrs) — D> and after removing redundant points

L3M3R’ L3M3R+’

and AA (X, Y),, .- The results are shown in Fig. 2.19. It can be seen that the
addition of a point at the origin of the coordinates does not lead to a significant
Table 2.4. Comparison of AA parameters ((X,Y),,, (X, Y) .. X, Y) . .and (X, Y) . )
AA with AR with .
Array Initial AA | Initial AP added remote Relatg{e ;l;ange (%)
parameters X, Y), (X Y) s elements elements Vs EX SL(%’B’
(X’ Y)L3M3+ (X’ Y)L3M3- ' ' L

Aw,.,, (radian) | 09704 | 0.0609 | 0.0607 0.0673 ~10.5096

Awo (radian) 2.9847 1.2878 1.3164 1.2910 -0.2485

m 0.3067 0.1093 0.1083 0.2100 -92.1482

N, 9 81 83 23 71.6049

X XY 6X6 90 x90 90 %90 90 x90 0

S 36 8100 8100 8100 0

o 0.2500 0.0100 0.0102 0.0028 71.6049

B 1.5000 0.900 0.9222 0.2556 71.6049
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ZeX 0
( T[) normalized Vi/4 _1/2 _1/2

b

Fig. 2.18. Radiation pattern of the AA (X, Y)
polar (b) coordinate systems

Lavag iD Cartesian (a) and

change in the type of frequency distribution covered (Fig. 2.19, b), but only to a
certain increase in the frequency of their coverage. After the removal of excess
points (Fig. 2.19, ¢), the distribution of covered frequencies becomes more uniform
with a significant reduction in multiplicity. The obtained RP of AA (X, Y) ...
is shown in Fig. 2.20, and the results of comparison of AA parameters are shown
in the Table 2.5. RP of AA (X, Y),,,,.» based on the truncated (with redundant
points removed) AA (X, Y) ,,,,, is displayed in the Cartesian coordinate system
and the polar coordinate system, as shown in Fig. 2.20.

By comparing the change in the characteristic change from AA (X, Y) ,, ..
to AA (X, Y), 5, it can be concluded that the removal of points significantly
reduces the value of the power coeflicients and filling of the AA, but at the same
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Table 2.5. Comparison of AA parameters (X, Y) ,, (X, Y) 100 5 Y) Lyane (X Y)

L3M3R_)

. . AA with added|  AA with Relative change (%
pagz?t’ers Ir(l;?asl{)A A (I;lt?)l AA elements  |remote elements| (X,Y), ... \}gs. EX,)
’ t ’ [3MER (X’ Y)L3M3R+ (X’ Y)L3M3R— §/Il_‘3M3R

Aw, .. (radian)| 0.9704 0.1222 0.1222 0.1247 -2.0635
Aw, (radian) 2.9847 1.3335 1.3845 1.3947 -4.5881

m 0.3067 0.1077 0.1075 0.2274 -111.1939
N, 9 81 82 19 76.5432

X XY 6Xx6 45x 45 45x45 45x45 0

S 36 2025 2025 2025 0

a 0.2500 0.0400 0.0415 0.00 94 76.5432

g 1.5000 1.8000 1.8222 0.4222 76.5432

time, the average level of the side petals is significant. At the same time, the
width of the main petal changes slightly (it expands a little). From the compa-
rison of changes in the characteristic when going from AA (X, Y) .. to
(X, Y) 5,0 it can be concluded that adding points to the origin of coordinates
is useful for reducing the level of side petals, although it does not cause a prac-

tical width of the main beam.
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Fig. 2.20. Radiation pattern of the AA (X,Y)
polar (b) coordinate systems

— in Cartesian (a) and

L3M3R

A comparison of the RP parameters for AA (X, Y) ,and (X, Y) ,,,,. shows
(refer to Table 2.5) that for a Latin square, in which element there is no number,
and the rotation operation nested in the n™ order of the magic square can be
significantly increase the area of the AA by (M/(2xn)) x (M/(2x n)) times, and
reduce the width of the main petal by approximately M/(2x n) levels. At the
same time, the average level of the side petals decreases by n times. Here, M is a
magic constant equal to (n* + 1)-(n/2). In this case, the replenishment coeffi-
cients are reduced by (M/(2 x n?))* times, and the efficiency factor is added by
2xnxn*/M times.
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2.4, Discussion

Comparing the antenna array considered in this chapter with a
traditional non-equidistant AA using cyclic different sets (CDSs) with 16 ele-
ments of Z_ . [32—34] and an AA constructed using a third-order magic
square matrix [22], we obtain a Table 2.6. It can be seen that the characteristics
of the AR for the Latin square with a nested magic square of the n™ order are
better than for other options. Although the use of magic squares nested in a

Latin square for the synthesis of AA generally provides better characteristics

Table 2.6. Comparison of AA characteristics for different configurations
of constituent “Latin” squares and different types of nested other generating squares.

Array parameters
Square type | Aw Aw
(radian) | (radian) | " | Mo | KV | S o P

CDS16 0.3739 | 1.0389 | 0.2396 16 15x12 180 | 0.0889 | 1.1926
X, Y),, 0.9704 | 2.9847 | 0.3067 9 6Xx6 36 | 0.2500 | 1.5000
(X, Y)L3UD 0.8213 | 2.7826 | 0.1900 81 6%x6 36 | 2.2500 [13.5000
X, Y)LSUD— 0.9632 | 2.0064 | 0.3899 6 6%x6 36 | 0.1667 | 1.0000
X, Y)L3UI 0.3099 | 1.6582 | 0.1070 81 18x18 324 | 0.2500 | 4.5000
(X, Y)L3UI_ 0.3339 | 1.7321 | 0.2983 11 18x18 324 | 0.0340 | 0.6111
X, Y)L3M3 0.0609 | 1.2878 | 0.1093 81 90x90 | 8100 | 0.0100 | 0.9000
(X, Y)L3M3+ 0.0607 | 1.3164 | 0.1083 83 90x90 | 8100 | 0.0102 | 0.9222
(X, Y), 55 | 0.0673 | 1.2910 | 0.2100 23 90x90 | 8100 | 0.0028 | 0.2556
(X, Y)L3M3R 0.1222 | 1.3335 | 0.1077 81 45x45 | 2025 | 0.0400 | 1.8000
(X, Y)L3M3R+ 0.1222 | 1.3845 | 0.1075 82 | 45x45 | 2025 | 0.0415 | 1.8222
X, Y)LSMst 0.1247 | 1.3947 | 0.2274 19 | 45x45 | 2025 | 0.0094 | 0.4222
(X, Y)Ms 0.3900 | 1.6443 | 0.3412 9 15x15 225 | 0.0400 | 0.6000

than the use of CDS, among this type of nested squares, the characteristics ob-
tained by AA based on a Latin square, in which a magic square is nested, with a
multiplicative shift of elements (such as AA (X, Y) ., ., AA (X, Y) 0 )-

In general, it can be concluded that the approach that uses a combination of
nesting the magic square in the Latin one allows for implementing AA of sig-
nificant sizes with small values of the filling factor and redundancy.
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2.5. Conclusion

The possibility of constructing non-equidistant antenna arrays
(AAs) based on Latin squares is considered. The algorithm for calculating the
AA coordinates, which uses the values of the elements of “Latin” squares, is the
same as when constructing the AAs based on magic squares. It is based on using
the value of the element of the generating matrix (forming a square) as the basis
of the interferometer formed by neighboring elements.

It is shown that the obtained AAs provide full coverage of the spatial fre-
quency grid in the area of elements placement, but have a rather large redun-
dancy factor. The radiation pattern (RP) was studied, and the levels of the side
lobes of the obtained AAs were estimated. The elimination of redundancy in
antenna arrays based on Latin squares does not practically affect the width of
the main lobe but allows for a significant reduction in the coeflicients of fil-
ling and redundancy. However, the average level of the side lobes increases
significantly.

The possibility of synthesizing large AAs based on component squares
using the nesting of Latin squares is shown. The characteristics of the lattices
obtained using the parameters of additive and multiplicative shifts, as well as
rotation, were studied. It is shown that by using mutual rotations of indivi-
dual layers included in the synthesized lattice, it is possible to improve its
characteristics.

It has been established that the best characteristics are obtained by nes-
ting a magic square with an additive shift of elements in a Latin square, which
leads to the formation of a new Latin square, including when using a rota-
tion operation.

The obtained results open up new possibilities for creating non-equidistant
antenna arrays with small filling/redundancy factors and acceptable values of
side-beam radiation. According to their characteristics, they are superior to
non-equidistant two-dimensional A As built on the basis of cyclic difference sets
(CDSs), which have been used until now. More derivative design solutions are
proposed for AA design based on Latin square and nested matrices.



CHAPTER

DEVELOPMENT AND OPTIMIZATION
OF SPARSE PLANAR ANTENNA
ARRAY BASED ON LATIN SQUARE
AND CYCLIC DIFFERENCE SET

Non-equidistant antenna arrays (AAs) reduce the number of an-
tenna elements, maintaining high resolution and a sufficiently
low level of side lobes [148—154]. Large antennas of radio tele-
scopes and long-range radars almost always use irregularly
spaced uniform aperture gratings. The method presented in this
study is novel and unconventional, using sets of Latin squares
and cyclic difference sets (CDS) to construct non-equidistant
antenna arrays (AAs).

3.1. Introduction

Non-equidistant AAs allow for reducing the number of antenna
elements while maintaining high resolution and low side lobes.
Most large antennas of radio telescopes and long-range radars
use a non-equidistant arrangement of elements and unfilled aper-
ture arrays. Recently, when creating radars of the decameter
range, there has been an interest in using non-equidistant AAs
to improve their operational characteristics. There have already
been attempts to use mathematical constructions such as magic
squares [22] and the method of Latin squares [23] to construct
two-dimensional non-equidistant AAs. Cyclic difference sets
(CDSs) are widely used in various areas of research. This section
of the work explores the possibilities of using the structure of
Latin squares and CDSs for constructing two-dimensional non-
equidistant AAs, and their characteristics, as a continuation of
the idea of works [17—25, 32, 33].

3.2. CDS and the new Latin
square matrix, taking it as element

Cyclic difference sets (CDSs) — A (v, k, \) is a subset D = {d,
d, ... d} of integers modulo v such that each {1,2, ..., v - 1} can
be represented in exactly X various ways as a difference (d, - d)

modulo v [35].
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In other words, A (v, k, M), a difference set D, is a subset of k deductions
modulo v such that for any remainder § # 0 (mod v), the congruence

di—djzoc(mod V) (3.1)

has exactly A pairs of solutions (d, d) d. and d. in the set D. It is worth noting
: SN Iy .
that the terms: difference set, CDS and v, k, A\ — difference set are interchange-
able below: “the last two are used when there is a reason emphasize either the
contrast with general group difference sets, or the specific parameters v, k, \.”
As a direct consequence of this definition, the parameters v, k, A should

hold:
k(k-1)=A(v-1). (3.2)

For any positive integer v, there exist some obvious difference sets modulo
v, which are:

1) azerosetD = {};

2)asingleton D ={i},0<i<v-1;

3) asingleton D = {0,1, ..., v-1};

4) asingleton D=1{0,1,...,i-1,i+1,...,v-1}0<i<v-1.

Difference sets are called trivial and are quite often either ignored or treated
only as borderline cases. Note that the parameters for these difference sets are
{v, k, A} = {v, 0, 0}; {v, 1, 0}; {v, v, v} and {v, v — 1, v - 2} respectively. If we intro-
duce an additional parameter n = k — A, then formula (3.2) above shows that
these trivial difference sets arise if and only if #n = 0 or 1. Therefore, the assump-
tion n > 2, which is often made implicitly, allows us to eliminate all trivial diffe-
rence sets. Some non-trivial difference sets (i.e., CDSs) will be used below as
shown in the Table 3.1.

Latin squares and their properties were presented fully in Chapter 2. In
combinatorics [36, 37] and in the experimental setting, a Latin square is a
square of size n x n filled with » different symbols, each of which appears exact-
ly once in each row and exactly once in each column. An example of a 3x3

Table 3.1. Cyclic Difference Sets (CDSs)

Name v k A n D={d,...d}
CDS3 7 3 1 2 1,2,4
CDS4 13 4 1 3 0,1,3,9
CDS5 21 5 1 4 3,6,7,12,14
CDS6 31 6 1 5 1,5, 11, 24, 25,27
CDS7 15 7 3 4 0,1,2,4,5,8,10
CDS8 57 8 1 7 0, 1,6,15,22,26,45,55
CDS9s 19 9 4 5 1,4,5,6,7,9,11, 16,17
CDS9m 37 9 2 7 1,7,9,10, 12, 16, 26, 33, 34
CDS9b 73 9 1 8 0, 1, 12, 20, 26, 30, 33, 35, 57
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Latin square:

(3.3)
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Table 3.2. New Latin squares taking CDSs as elements
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End of Table 3.2

Name CDS The new matrix of Latin squares

3557 0 112
$355 01
30 33 3557 0
A(73,9,1) = {0, 1,12, 20, 26, 30, 26 30 33 35 57
L, 20 26 30 333557 0 112
33,35, 57} 12 20 26 30 333557 0 1

112 20 26 30 33 3557 0

0 11220 26 30 33 35 57
57 0 1122026 30 33 35

20
12
1
0

Let us consider some methods of forming Latin squares. If the set of natural
numbers {1, 2, ..., n} or the set {0, 1, ..., n — 1} is taken as the set Q, then for the
3" order of the Latin square we get the following formula (A =1, B=2, C = 3):

123
=[3 1 2}. (3.4)
231

If the set Q is taken on the basis of the CDS, then we get a Latin square for
the third order, the set Q= A (v, k,\) =CDS3 =A_ (7,3,1)={d,d,d} =

= {1, 2, 4} according to the following formula (A=d, =1,B=d,=2,C=d,=4):

1
Lepss = ‘21

Similarly, we can take CDS4 = A (13,4, 1) = {0, 1, 3, 9} as elements of the
Latin square of the 4™ order, CDS5=A_ (21,5, 1) = {3, 6, 7, 12, 14} as elements
of the Latin square of the 5 order, and CDS6 = A (31, 6, 11) = {1, 5, 11, 24,
25, 27} as elements of the Latin square of the 6™ order, by the following formulas
L pop Lepss Lopge in the Table 3.2, And similarly, we take CDS9s = A (19, 9,4) =
=11,4,5,6,7,9,11,16,17},CDS9s = A (19,9, 4) = {1, 4, 5,6, 7 911, 16, 17},
CDS9m = A, (37,9,2) ={1,7,9,10, 12, 16,26, 33,34}, CDS9b = A__ (73,9, 1) =
=1{0,1, 12, 20 26 30, 33, 35, 57} as elements of Latin square of the 9" order, ac-
cording to the following formulas L, L o, > L., in the Table 3.2.

The approaches discussed above provide ample opportunities for construc-
ting Latin squares of various types and creating non-equidistant antenna arrays
(AAs) based on them. As shown in the paper, some of the considered designs of
Latin squares, taking CDSs as elements, have better characteristics compared to
magic squares and the method of L.E. Kopilovich, which uses CDSs to create a
2-dimensional AA [32]. At the same time, if in the magic square of the n'™ order
each of the numbers 7? is used only once, then in the Latin squares of the n™*
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3.3. Comparison of characteristics of AAs... and the Kopilovich method

order each of the n numbers occurs only once in a row or column, and in gene-
ral each of the n numbers is used n times. It means that in the Latin square, the
numbers, including when they are added, are used » times. Since each element
of the Latin square will further be considered as the distance between the inter-
ferometer elements, in the antenna array built on the basis of the Latin square,
the redundancy factor was introduced first for all frequencies covered from 1 to
n. However, if we take the CDS as the set Q for a Latin square and use this new
square to construct an AA, we end up with an AA that guarantees almost full
coverage and greatly reduces array redundancy.

3.3. Comparison of characteristics of AAs
constructed based on new /traditional Latin
squares and the Kopilovich method

The results are shown in the Table 3.3, Fig. 3.1, Fig. 3.2, and
Fig. 3.3. L s L pes Lops denote different types of generating matrices and AAs
mentioned above, and Z__ . = {(0, 0), (0, 3), (0, 4), (0, 7); (4, 0), (4, 3), (4, 4),
(4,9); (5,0), (5,3), (5,4), (5,9), (6, 0), (6, 3), (6, 4), (6,9); (13, 0), (13, 3), (13, 4),
(13, 9)} — a 2D AA containing 20 points/elements created by L.E. Kopilovich
using CDSs [18—21].

Analysis of Table 3.3 reveals that AAs constructed from Latin squares ta-
king CDSs as elements exhibit superior performance compared to AAs com-
posed of 20 elements using CDSs by L.E. Kopilovich. Specifically, L, and L .
demonstrate:

1) enhanced main lobe width in radiation patterns (RP) of AAs,

2) lower average side lobe levels in AAs RP,

3) improved filling and redundancy factors.

Comparisonof L., L .., and L . underscores the pivotal role of v (size

CDS4’> ~'CDS
of the matrix) in determining RP’s main beam width for AAs based on Latin

Table 3.3. Characteristics of AAs constructed based
on Latin squares taking CDSs as elements and the Kopilovich method

Array parameters Lo, Z s Lo Lo
Aw0‘707(radian) 0.3425 0.4497 0.1222 0.0524
m 0.2940 0.2396 0.1982 0.1673
NO 16 20 25 36
Xmaxmeax 13x13 13x9 42 %42 93 x93
S 169 117 1.764 8.649
a 0.0947 0.1709 0.0142 0.0042
B 1.2308 1.8490 0.5952 0.3871
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squares taking CDSs as elements. The larger v is, the narrower the width of the
main beam will be. Given the definitions of k and A in block design (combinato-
rial mathematics) [35—38], k means the number of points in a block (subset),
and A is the number of blocks (subsets) containing any two specific points (i.e.,
pairs). These two parameters will affect AAs redundancy. Having considered
equation (3.2), it is possible to determine the ratio (v, k, ) for CDSs. These three
parameters will affect the average level of the side lobes of the AAs RP. In addi-
tion, we can develop these design parameters according to the requirements
of the task.
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3.3. Comparison of characteristics of AAs...
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3.4. Comparison of characteristics of large AAs... and magic squares

3.4. Comparison of characteristics of large
AAs constructed based on new /traditional
Latin squares and magic squares

In this section, we compare the performance of a new Latin squa-
re using a CDS as an element and a magic square as a subarray with the perfor-
mance of an AA constructed using a traditional magic square (Figs 3.4—3.6).

From Table 3.3, it follows that for the same number of points in the subset
k, there are different design parameters v for CDS. When the number of lattice
elements is constant, it is possible to construct a Latin square based on the gene-
rating matrix using the CDS of other v and A values to create lattices of various
designs. Specifically, at k = 9, we have three different CDSs:

CDS9s = A, (19,9,4) = {1,4,5,6,7,9, 11, 16, 17};

CDS9m = A__(37,9,2) = {1,7,9, 10, 12, 16, 26, 33, 34};

CDS9b = A (73,9, 1) = {0, 1, 12, 20, 26, 30, 33, 35, 57.

These CDSs can be used as elements of a 9"-order Latin square generating
matrix to create various AA.

A third-order magic square can be nested as a submatrix in a third-
order Latin square matrix. Refer to Chapter 2 for detailed information on coor-
dinate distribution, spatial frequency distribution, and radiation pattern (RP).
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M, means the generating matrix for the construction of AA based on the
magic square of the 9" order [22], namely:

47 58 69 80 112 23 34 45
57 68 79 9 11 22 33 44 46
67 78 8 10 21 32 43 54 56
77 7 18 20 31 42 53 55 66
M,=| 617 19 30 41 52 63 65 76 |. (3.7)
16 27 29 40 51 62 64 75 5
26 28 39 50 61 72 74 4 15
36 38 49 60 71 73 3 14 25
37 48 59 70 81 2 13 24 34

The results obtained using the proposed approach are shown in Table 3.4.
Meanwhile, L L L L,,.» and M, denote different types of genera-
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ting matrices and AAs based on the Latin squares discussed above. Definition
of parameters in the Table 3.4 is the same as in the Table 3.3.

From Table 3.4, the following conclusions can be drawn:

1) A comparison of the characteristics of L, , L., and L . shows that
in the antenna arrays based on the Latin square, taking CDS as elements, with
the design parameters (v, k, A), the v parameter will play a major role in the ar-
ray size, that is, it will determine the width of the main beam of the AA’s RP in
the presence of a certain number of antenna elements k*. The larger v is, the
narrower the width of the main lobe, and the smaller the redundancy and fill
factors will be obtained. However, reducing the redundancy of the AA leads to

an increase in the average level of the side lobes of the AA’s RP and an increase
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and magic squares

3.4. Comparison of characteristics of large AAs...
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3.4. Comparison of characteristics of large AAs... and magic squares

Table 3.4. Characteristics of AAs constructed based

on Latin squares taking CDSs as elements and a magic square

Array parameters Lo Lepsom Lepson L,, M,
Awwm(radian) 0.0636 0.0301 0.0175 0.0609 0.0175
m 0.1108 0.1118 0.1181 0.1093 0.1105
N0 81 81 81 81 81
Xmaxmeax 76 X76 148 x 148 214x214 90x90 369 x 369
S 5,776 2,1904 4,5796 8,100 136,161
a 0.0140 0.0037 0.0018 0.0100 0.0059
[3 1.0658 0.5473 0.3785 0.9000 0.2195

in the unevenness of the distribution of the spatial frequencies of the covered
effective area, which may no longer satisty the conditions of full coverage.

2) A comparison of the characteristics of L_ ., Loy Lepsoy and Ly,
shows that AAs based on the Latin square taking CDS as elements have better
characteristics, are more diverse, and more flexible than the AAs constructed
based on the Latin square nesting the magic square in the presence of a certain
number of antenna elements k*. Depending on the needs, it is possible to use
AAs with narrower main lobes of the AA’s RP, larger sizes, and with lower re-
dundancy (filling) coefficients (such as, L, ), or AAs with a lower level of side
lobes of the RP (such as, L ), or AAs with intermediate characteristics (such
as, LCDS9m)'

3) Comparing the characteristicsof L, L., ., and M, shows that it is bet-
ter to use a 9™ order magic square antenna array as a generating square to obtain
a larger AA with a certain number of antenna elements k*. It should be noted
that the obtained spatial frequency distributions are not the same for the ab-
scissa and ordinate and do not provide complete coverage. A comparison of
their RP shows that the RP of AAs is based on the magic square of the 9™ order,
as the generating square strongly depends on the azimuth ¥. This angle is
counted from the axis on the lattice plane, which does not contribute to its use
in phased AA. In contrast, the RP of AAs, constructed based on the Latin square
taking CDS as elements, is a good solution to this problem.

Moreover, having analyzed the Table 3.3 and Table 3.4, the following con-
clusions can be drawn:

From the comparison of L ., L - and L, ., it can be concluded that the AAs
based on the Latin square using CDS as elements have better characteristics than
the Latin square nesting the magic square in RP’s the main bean width, as well as
in AA’s filling and redundancy factors. It is worth noting that the average side lobes
level of the RP of the AA, constructed based on Latin square nesting the magic
square, is lower due to its fully covered spatial frequency, but has more redundancy.
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CHAPTER 3. Development and optimization of sparse planar antenna array

3.5. Conclusion

1) The possibility of constructing non-equidistant antenna ar-
rays (AA) based on Latin squares, which take cyclic difference sets (CDS) as
elements, is considered. The algorithm for calculating the coordinates of an-
tenna elements using the values of Latin square elements, in this case, is the
same as when constructing AAs based on magic squares. It is based on using the
value of the generating matrix element (formed square) as the basis of the inter-
ferometer formed by the neighboring elements. It is shown that the obtained
AAs provide almost complete coverage of spatial frequencies in the area of the
location of the elements and a rather small redundancy factor. AA’s radiation
pattern (RP) was studied, and the levels of the initial side lobes of non-equidistant
AAs were estimated.

2) It was established that antenna arrays obtained on the basis of Latin
squares, using CDS as elements, have better characteristics compared to AAs
created by L.E. Kopilovich and the AAs, based on the Latin square, nesting
magic squares. The obtained results open new possibilities for the creation of
non-equidistant AAs with small filling/redundancy coefficients and permissible
values of lateral radiation. According to their characteristics, they are better
than the non-equidistant two-dimensional lattices that were used until now and
were built only on the basis of CDSs.

3) It is shown that the possibility of synthesis of large AAs taking into ac-
count the composition of squares using CDS as elements of Latin squares. The
characteristics of the obtained gratings were studied. It is shown that the use of
the Latin square, which uses CDS as elements in the synthesized matrix, allows
for a significant improvement in its characteristics. And also, it provides the
possibility of more flexible change of design parameters (v, k, A) to better meet
existing needs.



CHAPTER

A NEW METHOD OF CALCULATING
COORDINATES FOR DIFFERENT
SPARSE PLANAR ANTENNA ARRAYS

In this chapter, we propose a straightforward method for
designing two-dimensional non-equidistant (sparse) antenna
arrays (AAs). We focus on non-equidistant AAs structured
using Latin squares and their triangular matrices. A novel
construction method, distinct from existing approaches, is
introduced. We investigate the properties of these AAs, which
ensure full coverage of spatial frequencies with a high degree of
sparsity and sufficiently low lateral/side-lobe radiation.

4.1. Introduction

First, we proposed a series of straightforward methods for the
direct construction of two-dimensional non-equidistant antenna
arrays (AAs) using fixed mathematical structures and their nes-
ted forms, such as magic squares [22] and Latin squares [23],
which yielded promising results. Subsequently, we constructed a
more complex two-dimensional non-equidistant AA by com-
bining Latin squares with cyclic difference sets (CDS) [24].
However, this approach did not guarantee a non-redundant,
fully covered AA without corrections (adding or removing
elements).

Building on previous work, this chapter introduces a new
construction method that employs a Latin square and a
triangular matrix to generate the coordinate matrix of array
elements. This method produces AAs that are nearly non-
redundant and fully covered, satisfying the goal of minimizing
the number of elements while maintaining the ability to obtain
measurements at all distances up to the maximum, considering
one defining angular resolution — the main beam width of the
radiation pattern (RP).
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CHAPTER 4. A new method of calculating coordinates

4.2. Latin square and triangular matrix

In combinatorics [35] and experimental design, a Latin square is
an nxn array filled with n different symbols, each occurring exactly once in
each row and column. A key feature of the Latin square is that the same symbol
appears only once per row and column. Both the transposed and rotated
versions of a Latin square remain Latin squares. Typically, consecutive natural
numbers are used as the elements of a Latin square.

It is worth mentioning that the well-known Sudoku puzzle, originally called
Number Place [28], is a logical [29, 30] combinatorial [31] number arrangement
puzzle based on a Latin square. Similar to Sudoku, where multiple solutions
exist, there are numerous ways to arrange the symbols in a Latin square [32].
For simplicity, we will consider the most basic scenario: a Latin square filled
with continuously increasing nonzero natural numbers, which behaves as follows:

1 23--n-1 n
n 12--n-2n-1
L, = Latin(n) = n:—11:1 1 U n73 n72 ) (4.1)
3 45..- 1
2 34--- n 1

Inlinear algebra, a triangular matrix is a square matrix in which all elements
below (or above) the main diagonal are zero [33]. If all entries on the main
diagonal are equal to 1, the matrix is called a one-triangular matrix, either upper
or lower. These matrices are unipotent and are also known as unit triangular
matrices, with “unit triangular” sometimes used as an abbreviation. Rarely, they
are referred to as normalized triangular matrices [35, 36].

This chapter focuses on the synthesis of an AA using a lower one-triangular
matrix, which behaves as follows:

1 00--00
n 10--00
UniTril (n) = n:—l ! 1 0 0 = tril[Latin(n)]. (42)
3 45410 '
2 34---nl
This matrix UniTriL is obtained by zeroing the elements above the diagonal

of the Latin square (4.1).
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4.3. A new method of synthesis and estimation of antenna array parameters

4.3. A new method of synthesis
and estimation of antenna array parameters

In works [22, 23], attempts were made to use existing mathe-
matical constructions, such as magic squares S to construct two-dimensional
non-equidistant lattices. For the element (/, f) of the square, the S, value is set as
the distance for the position of the element (/, j) along the absc1ssa and ordinate
axes from the adjacent elements of the AA. Consequently, the coordinates of the
elements that make up the antenna array can be expressed in terms of the values
of the element S, of the square in row / and column j:

islj =Xjg S, Yy = ZS., Yiaj+ Sy, (4.3)

where x, is the abscissa and y, is the ordinate.
If the above relationship is expressed in matrix form, then:

Sl,l SI,Z Sl,3 et Sl,n—l Sl,n
gZ,l 22,2 §2,3 et gZ,nfl 22,71
— Q. =] P32 Y33 s 93,00 Y3,
X=35-U : : : o : ’ (4.4)
n-1,1 n-1,2 Sn—l 3 n—-1,n—1 n-1,n
|l n,2 Sn,3 n,n—1 mn |
Y=L-S=U"-S= )
(100...00] Sl,l Sl,2 Sl,3 = Sl,n—l Sl,n
110...00 82,1 Sz,z Sz,3 : Sz,n—l SZ,n
— 1 1 1 e Q Q . :33,1 'S3,2 :S3,3 o :S3,n—1 :93,71
Dot : : : ’ (4.5)
111..10 Sn—l,l Sn—1,2 Sn—1,3 Sn—l,n—l Sn—l,n
_1 11...1 1_ Sn,l Sn,2 n,3 ttt Ynn-l n,n

where X, Y, and S are nxn square matrices; U/L is an upper/lower triangu-
lar matrix.

The matrix operation rules provide great opportunities for improvement.
Because of this, we proposed to replace U/L with other matrices to synthesize
the lattice. Considering the spatial frequency coverage, it was recommended to
use other upper/lower unitriangular matrices without changing the main
diagonal U/L. To make the resulting AA sufficiently sparse, without excessive
redundancy, and fully covered, possible solutions were considered, and it was
found that directly using the lower triangular Latin square matrix as L to
synthesize the array, one can obtain the best coordinate matrix that has full
coverage and is maximally sparse (without excess). The specific form of
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calculations is as follows:
Y (n) = UniTriL(n)- Latin(n) = tril[Latin(n)]- Latin(n) =

1 00...00 1 23..n-1 n
n 10...00 n 12..n-2n-1
R RN R LR ERE (4.6)
3 45...10 3 45... 1
2 34..n1 2 34... n 1
X(n)=Y(n)"or Y(n)' or Y(n)" or Y(n)", (4.7)

where 7 is the order of the Latin matrix, Y(n)" is a transposed matrix of Y(n),
Y(n)', Y(n)", and Y(n)" is a matrix obtained by rotating the matrix Y(n) by 90,
180, and 270 degrees, respectively.

4.4. Modeling, calculation,
and comparison of the AA design results

According to the method of calculation according to formulas
(4.6) and (4.7), we actually received four types of arrays: LTn™ = {(x,y) | X €
Y(n)",y € Y(n)}, LTn" ={(x,y) | X € Y(n)',y € Y(n)}, LTn" = {(Xx,y) | x € Y(n)",
y € Y(n)} and LTn” = {(x,y) | X € Y(n)",y € Y(n)}. And then we have:

Y(4) =UniTriL(4)- Latin(4) = tril[Latin(4)]- Latin(4) =

1000|[1234 1 2 3 4
|4100|[4123| | 8 91419
1341034127 |22141826] (4.9)

2341|2341 [28262026

The locations of the antenna elements and the normalized RP of AAs (LT4",
LT4', LT4", and LT4") are depicted in Fig. 4.1 and Fig. 4.2.

From Fig. 4.1 and Fig. 4.2, it is evident that the locations of the elements in
the four types of AAs generated by formula (4.7) exhibit significant differences
and distinct characteristics. Notably, the resulting AAs do not display prominent
side lobes near the main lobe and show minimal variation with an angle,
aligning well with theoretical expectations.

Referring to equations (4.4) and (4.5), the arrays generated by rotating/
mirroring matrices demonstrate homogeneity. Subsequent analyses in this
section will focus exclusively on such AAs.

A critical point is that since all coordinate matrices originate from geometric
operations, the array geometric parameters for the four schemes mentioned
above (LT4", LT4', LT4", and LT4") — spatial frequency, fill factor, and redun-
dancy are identical. The spatial covering frequency distribution and coordinate
layout are precisely mirrored along the X and Y axes, as depicted in Fig. 4.3.
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4.4. Modeling, calculation, and comparison of the AA design results

Fig. 4.3 illustrates that the spatial covering frequencies are fully covered,
with minimal redundancy in the coordinate distribution. All modulation results
for the AAs (LT4", LT4', LT4", and LT4"), including RP’s parameters and
geometric characteristics, are listed in Table 4.1.

Furthermore, according to formulas (4.6) and (4.7), a variety of two-di-
mensional non-equidistant AAs can be derived from Latin matrices of different
orders: LT2', LT3’, LT5', LT6’, LT7’, LT9’, LT10’, LT11’, LT12', LT13", LT14/,
LT15, LT16', LT17, LT18’, LT19’, LT20’, LT25' LT30’, LT40’, LT50’, LT60’,
LT70’, LT80’, LT90’, LT100". Their characteristic parameters are also detailed
in Table 4.1.

Based on the methodology from [21], a series of antenna arrays by L.Ye. Ko-
pilovich was derived using the cyclic difference sets (CDSs). Numerical
calculations and modulation results for these arrays are provided in Table 4.1.
Specifically, the arrays Z_ ..., Z.ocior Zensre Zepszsr AN Z s COrrespond to
Kopilovich square matrices based on the CDSs with aperture lengths of 13, 16,
20, 25, and 30, respectively.

Y ® y[® ]
' ° ° °
° °
° °
° ¢ ° ¢
° ° °
° ® ° ¢
. . 8
° ® °
X X
a b
’o o o 4 ' :_
° °
° °
° ° ® °
° ° °
® ° ° °
°
- 1 : * s
X X
c d

Fig. 4.1. Location of elements of AAs: (LT4"(a), LT4'(b), LT4"(c) and LT4" (d)
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4.4. Modeling, calculation, and comparison of the AA design results

Table 4.1. Comprehensive comparison of AA characteristics

Name of AAs

or generative matrices Aw,y; (radian) " N, S B
L7’ 1.8504 0.5069 4 25 | 0.8000
LT3 0.3758 0.3246 9 169 | 0.6923
Zns1s 0.4315 0.2343 17 169 | 1.3077
Zensis 0.3244 0.2193 20 256 | 1.2500
Z s 0.2709 0.1919 26 400 | 1.3000
Zpss 0.2259 0.1795 30 625 | 1.2000
chs;o 0.1823 0.1670 35 900 | 1.1667
LT4 0.1836 0.2728
LT4' 0.1755 0.2519
14" 0.2147 0.2611 16 784 | 0.5714
14" 0.1755 0.2519
L, 0.5597 0.2340 16 100 | 1.6000
M, 0.1577 0.2573 16 1156 | 0.4706
Lp 0.3425 0.2940 16 169 | 1.2308
L, 0.3681 0.1997 25 225 | 1.6667
M, 0.0877 0.1986 25 4225 | 0.3846
Lepss 0.1222 0.1982 25 1764 | 0.5952
LT5' 0.0894 0.1989 25 2500 | 0.5000
LT6 0.0524 0.1654 36 6889 | 0.4337
LT7' 0.0524 0.1422 49 15876 | 0.3889
LTS 0.0175 0.1242 64 33856 | 0.3478
LTY — 0.1128 81 65025 | 0.3176
LT10' — 0.1001 100 119025 | 0.2899
LT11’ — 0.0909 121 203401 | 0.2683
LT12' — 0.0832 144 336400 | 0.2483
LT13' — 0.0768 169 529984 | 0.2321
LT14' — 0.0713 196 815409 | 0.2171
LT15' — 0.0665 225 1210000 | 0.2045
LT16' — 0.0627 256 1763584 | 0.1928
LT17' — 0.0586 289 2499561 | 0.1828
LT18' — 0.0557 324 3493161 | 0.1734
LT19' — 0.0526 361 4774225 | 0.1652
L120' — 0.0500 400 6451600 | 0.1575
LT25' — 0.0402 625 23765625 | 0.1282
LT30' — 0.0337 900 69472225 | 0.1080
LT40' — 0.0256 | 1600 379470400 | 0.0821
LT50 — 0.0207 | 2500 1.4232e+09 | 0.0663
LT60' — 0.0175 | 3600 | 4.2016e+09 | 0.0555
LT70' — 0.0151 | 4900 1.0509e+10 | 0.0478
LTS0' — 0.0137 | 6400 | 2.3275e+10 | 0.0420
LT90’' — 0.0125 | 8100 | 4.696le+10 | 0.0374
LT100’ — 0.0114 | 10000 | 8.8031e+10 | 0.0337
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0 3 6 9 12 15 18 21 24 27
Covering frequence D (or D))

% 0 Ill\6ﬂl¥-1-2/|}5 18 21 2'4/ }7/

Distribution of coordinate Y (or X)

Fig. 4.3. Spatial covering frequency and coordinate distribution of AAs synthesized based
on matrix Y(4)

Furthermore, Table 4.1 also presents the results of AAs’ modeling
synthesized using conventional methods proposed in the previous work. The
AAs, corresponding to M, and M, are constructed using the magic square of
the 4" and 5" order as generative matrices, respectively. The AAs, corresponding
to L, and L,, represent arrays constructed by using the Latin square of the 4"
and 5" order as generative matrices. L ., and L . represent AAs created
using the CDS Latin square (taking CDS as elements) of the 4™ and 5" order as
generative matrices. It should be noted thats compared to the AAs constructed
using magic squares, other AAs achieve full spatial frequency coverage.

4.5. Discussion

From the comparison and analysis of the parameters listed in
the Table 4.1, it is obvious that:

1) The AA designed by L.E. Kopilovich based on CDS (abbreviated as
Kopilovich-CDS AA), along with our AAs constructed based on the Latin
square using both traditional and new methods, can achieve full spatial
frequency coverage. The new synthesis method significantly enhances the
effective coverage area of the grating without a notable degradation in sidelobe
control. For the same effective coverage area, the number of elements required
for a lattice based on the Latin square synthesized using the new method is less
than half the number of elements in the Kopilovich-CDS A As. This redundancy
reduction allows for a narrower main lobe. The Kopilovich-CDS AAs, primarily
intended for optical interferometric systems, are mainly used to solve imaging
problems of space objects observed through a heterogeneous atmosphere. These
optical systems with non-redundant apertures must be constructed in a mini-
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Fig. 4.4. The location of the AAs’ elements created using the Latin square of the 50"
order and its triangular matrix: a — LT50%, b — LT50', c — LT50", d — LT50"

mum size region to minimize influence of internal noise distribution. Con-
sequently, array scanning accuracy is not their primary concern, but achieving
the lowest possible sidelobe levels is [20, 21]. In many cases, the antenna array
has greater requirements for the width of the main lobe (scanning accuracy), in
which case it is more efficient to use the method proposed by us.

2) While magic squares can be used to construct an AA with a large coverage
area and a very narrow main beam, the spatial frequency of the generated array
cannot be fully covered, resulting in significant sidelobe levels. In comparison,
AA synthesized using the new method based on the Latin square offers similar
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Fig. 4.5. The location of the AAS’ elements created using the Latin square of the 100"

order and its triangular matrix: a — LT100%, b — LT100’, c — LT100", d — LT100"

coverage area, main beam width, and sidelobe levels but achieves full spatial frequency
coverage. This ensures that the AA maintains some redundancy with more reliable
performance, capable of extracting all information under extreme conditions.

3) AA synthesized using the new Latin squares (taking CDS as elements)
does not achieve full spatial frequency coverage as the AAs geometric size
increases. The previous research involved combining the Latin square with
CDS, which expands the potential applications of the Latin square in AA design.
Although the performance of the geometric size and main RP beam of the
obtained AAs improves, the sidelobes worsen. The proposed new method
effectively addresses this issue.
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4.6. Conclusion

4) When using a new method of constructing AA, with an increase in the
order n of the Latin square, the number of elements of the obtained AA (1?)
increases. In this case, the average level of the side lobes of the RP constantly
decreases to a very small value, the space covered by the array expands, and the
spatial frequency remains fully covered. Furthermore, observations of the array
elements arrangement have shown that when the array elements are sufficiently
large, the arrangement of the arrays exhibits a fixed geometry that does not
change, as shown in Fig. 4.4 and Fig. 4.5.

4.6. Conclusion

The new method for synthesizing antenna arrays is a direct and
efficient approach based on Latin squares and their triangular matrices. It
ensures complete spatial covering frequency while minimizing array redundancy
and the number of arrays required. This method also effectively controls side
lobes, resulting in synthesized arrays with very narrow main lobes and low side
lobe levels. These characteristics make the arrays multifunctional and suitable
for various applications in radar, communications, radio astronomy, radio-
therapy, remote sensing, automotive systems, biomedical imaging, navigation,
and other fields.

When a large-number-elements AA is synthesized using this new method,
the entire array maintains a consistent geometry. This means that when the
number of elements is expanded or contracted in proportion, it exhibits
consistently similar characteristics.
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78

APPLICATION OF DIFFERENT
SPARSE PLANAR ANTENNA ARRAYS
BASED ON SPECIAL MATRICES

The chapter is mainly devoted to describing of the design of the
proposed antenna array (AA) and the application of the optimi-
zation method.

5.1. Introduction

This chapter presents individual definitions, examples, and simu-
lation results of various mathematical concepts used in AA de-
sign. These concepts include:

1) Magic squares and their nested matrix;

2) Latin squares and their nested matrix;

3) cyclic difference sets (CDSs) and Latin squares using
CDSs as elements;

4) triangular matrix and triangular matrix of Latin squares.

In particular, the designed AA will be analyzed and com-
pared, taking into account aspects of the arrangement of grating
elements, the characteristics of the radiation pattern (RP), and
the spatial frequency of the AA. It should be taken into account
that with the increase in the order of the used matrix, the num-
ber of AA elements also increases, which affects the overall per-
formance of the designed AA.

Considering the practical application, the designed gratings
are compared to the existing gratings in the Giant Ukrainian Ra-
dio Telescope (GURT), which is a low-frequency (8—80 MHz)
radio telescope and consists of 25-element active gratings with
analog time distribution of the phases of individual gratings be-
tween them [27, 28]. The work [27] shows the arrangement of
antenna elements in GURT gratings; the distance between them
along the X and Y axes is dx = dy = 3.75 m, which is A/2 at a fre-
quency of 40 MHz. Approximately the same parameters were
used in the distributed AA that was developed.



5.2. AA design by using magic squares and their nested matrix

In addition, the frequency ranges of the GURT subarray (5x5) are 8—
32 MHz [28]. Let’s assume that the AA works in the mode of receiving a plane
electromagnetic wave of the same polarization coming from the zenith direc-
tion. RPs of AAs are calculated at a frequency of 25 MHz for four fixed planes
V. Two of which pass through the X (¥ = 0°) and Y (¥ = 90°) axes, and the two
diagonal planes are E (¥ = 45°) and H (¥ = 135°).

5.2. AA design by using magic squares
and their nested matrix

A magic square of the n' order is a matrix filled with natural
numbers from 1 to n%. A magic square is called symmetric if the sum of any two
numbers located symmetrically about the center of the square is n? + 1. Normal
magic squares exist for all orders except n = 2. The case for n = 1 is trivial, as
the square consists of only one number. The minimal nontrivial case has an
order of 3

It is evident that the elements in the last column x,, i.e., at j = n, and in the
last row Yy i.e., 1 = n, have values equal to the “maglc square constant, i.e.,
X, =M, je(l n)x =M, j e (1, n)andyJ—M j e (1,n).

Magic square matrices of the 3, 4% ‘and 9 orders are used as examples,
and are denoted by M., M,, and M, respectively [22]:

816
M,=|357|, (5.1)
192
16 2 313
51110 8
M=l g 7 62/ (5.2)
41415 1

47 58 69 80 1 12 23 34 45
57 68 79 9 11 22 33 44 46
67 78 8 10 21 32 43 54 56
77 7 18 20 31 42 53 55 66
M, =| 617 19 30 41 52 63 65 76 |. (5.3)
16 27 29 40 51 62 64 75 5
26 28 39 50 61 7274 4 15
36 38 49 60 71 73 3 14 25
37 48 59 70 81 2 13 24 34

A nested matrix essentially consists of two or more matrices nested layer
by layer, similar to a component function. The structure of the nested magic
square is shown in Fig. 5.1.
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CHAPTER 5. Application of different sparse planar antenna arrays based on special matrices

Second level matrix M (i - 1)*L2 + x, (j - 1)*B2 + ) = m2(x, y) + (m1(i, j) - 1)*M,

‘ M is the resulting (nested) matrix.
m2 is the matrix of the second level (“magic” square).
’ ml is the first level matrix.
‘ L2 is the matrix length (m2) of the second level.
B2 is the matrix width (m2) of the second level.
M, is the matrix coefficient (m2) of the second level

(the sum of the elements of the row/column/diagonal
of the magic square).

Fig. 5.1. Schematic diagram of the

structure of a nested magic square
First level matrix matrix

Actually, the nesting of the matrix is affected by the properties of the matrix
itself, such that the nested magic square matrix remains a magic square. As an
example, we use a nested matrix formed by combining two identical magic
square matrices of the 3" order, denoted as M __..

8-1)*9+ (1I-D)*9+ (6-1)*9+

=~ W 0o

N~ NDul— Do
OO ONy ON O
Il

M., =M,(M,)=| 3-1)*9+

r3*3 3

(7-1)*9+

BN Woo WO W
DU DUt N U
O ONNO ON

N wWoo B Woe

(4-D*9+ 2-1)*9+ 9-1)*9+

NDUT— DDut— o=
O ON O

8
3
4
'8
(5-1)*9+| 3
4
'8
3
4

6 53 46 51
7 48 50 52
2 49 54 47
26 19 24 4 2 62 55 60
=12123253 357 59 611 (5.4)
22 27 20 40 45 38 58 63 56
3528 33 80 73 78 17 10 15
30 3234 7577 79 12 14 16
313629 76 81 74 13 18 11

8
3
4
4
9

Obviously, M .. is also a magic square of 9" order.
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Fig. 5.3. Spatial frequencies covered by AAs: GURT subarray (5x5), (X, Y), ., (X, Y),,,»
(X, Y),,»and (X, Y),, ..., along the X (a, ¢) and Y (b, d) axes
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5.2. AA design by using magic squares and their nested matrix

F(0) ¥ = 0°, frequency = 25 MHz

—— GURT 5x5
=== (X, )M,
—eme (X, V)M,

- (X, )M,

0 1 1 1

F(0) V¥ = 45°, frequency = 25 MHz

Fig. 5.4. Cross-section of the normalized RP in different planes ¥ (a — ¥ = 0°, b —
V¥ =45%¢c— ¥ =90° d — ¥ = 135°) corresponding to the frequency of 25 MHz for the
GURT subarray 5 x5 sublattice and AAs developed based on the magic squares of the
39((X, Y),,), 4" (X, Y),,), of the 9™ (X, Y), ) orders and the nested magic square matrix
of the 3" order ((X, Y),,..,) (See also p. 84)

The synthesis method described in the previous chapter was used to con-
struct the two-dimensional non-equidistant AA and calculate its RP. The loca-
tion in the effective area of the designed antenna based on the matrices M, M,
M,, and the GURT subarray is shown in Fig. 5.2. And the corresponding cove-
ring spatial frequencies of the abscissa and ordinate are shown in Fig. 5.3. The
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CHAPTER 5. Application of different sparse planar antenna arrays based on special matrices
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End of Fig. 5.4

simulation results of the AA’s RP corresponding to the frequency 25 MHz are
shown in Fig. 5.4. The corresponding AA parameter and the calculation time of
these AAs are shown in the Table 5.1.

The location of GURT subarray (5 x 5) and the AAs developed on the basis
of magic squares of the 3" order ((X,Y), ,), 4" order ((X,Y),,,), 9" order ((X,Y),,,)
and the nested matrix of the magic square of the 3" order ((X,Y),, ...) is shown
in Fig. 5.2.

The spatial frequencies covered by GURT subarray (5x5) and the AAs de-
veloped based on magic squares of the 3 order ((X,Y),,,), 4" order ((X,Y),,,)
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5.3. AA design by using Latin squares and their nested matrix

Table 5.1. A brief comparison of the characteristics
of the GURT subarray and non-equidistant AAs developed based
on magic squares and their nested matrix

Comparison parameters %Iil?; XY | XKV, | XY, |XY),..
MBW, ° 67.8867| 20.7751 9.4481 1.3992 1.0439
SLL, dB -19.6258| -9.6896| —11.6884 | -19.0479| -18.8707
The number of antenna elements 25 9 16 81 81
Effective covering area, d* 25 225 1156 136161 | 136161
Calculation time, seconds 2.498235 | 1.987322 | 2.443966 | 7.093125 | 8.451823

9™ order ((X,Y),,,) and the nested matrix of the magic square of the 3" order
(X, Y),,,.,) are shown in Fig. 5.3.

The following points can be easily observed from the simulation results
above:

1) The use of magic squares for the construction of AA can quickly and
effectively expand the effective area and significantly reduce the width of the
main lobe of the RP. As the order of magic squares increases, the width of the
main lobe narrows, and the average level of the side lobes of the RP also de-
creases. AAs developed using this method have a nonlinear distribution, are
flexible, and can be expanded with increasing matrix order.

2) The main RP beam of AAs, constructed based on a nested magic square
matrix, is narrower than that of an AA constructed based on a magic square
matrix of the same order. For a magic square of order n? synthesis is possible
using two identical matrices of order n. For a magic square of order mxmn,
synthesis is possible using a magic square of order m and order n (m and n
being all natural numbers greater than or equal to three).

3) Unfortunately, AAs synthesized with the help of magic squares are unable
to achieve full coverage of spatial frequencies, which is accompanied by the
generation of side lobes with large amplitudes. To eliminate these side lobes, it
is necessary to add additional antenna elements. In previous work, we used a
greedy algorithm to achieve this goal [22].

5.3. AA design by using Latin squares
and their nested matrix

This section focuses on the use of the general Latin square with
natural numbers as elements for AA design. The Latin square of the n™ order
has the following form [37]:
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CHAPTER 5. Application of different sparse planar antenna arrays based on special matrices

1 23---n-1 n
n 12:--n-2n-1
L="Tt et (5.5)
3 45... 1 2
2 34 n 1

Especially, as examples, the considered matrices of Latin squares of the 3",
4™, and 9" orders are marked as L, L,, and L, respectively:

123
L=|312], (5.6)
231
1234
4123
Li=l3412) (5.7)
2341
123456789
912345678
891234567
789123456
L,=|678912345 (5.8)
567891234
456789123
345678912
234567891

The principle of nesting the Latin square matrix is essentially the same as in
the case of the magic square, as shown in Fig. 5.1.

It is worth noting that a nested Latin square matrix remains a Latin square,
meaning that nesting the matrix does not affect its properties. As an example, a
nested matrix formed by combining two identical matrices of Latin squares of
the 3 order is used, denoted as:

1
1-1)*3+ 2-D*3+|3 (B-1)*3+
2

— N W
[N IO

WHN WHND P
— N W

— N W
| I |

L,,=L(L)=|(G-1)*3+ 2-1)*3+

— N W

— N W

N W =

— N W
Il

Q2-1D)*3+ B-1)*3+ 1-1)*3+

11 ]
N W = N W = N =
W == N W~ N W=

— DN W
DN W =

2
1

3

12
1-1)*3+[3 1
23

2

1

3

— N W
DN W =
— DN W
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5.3. AA design by using Latin squares and their nested matrix

(5.9)

Il
AR 0O W
AR UT\O 00 WLWH N
B U 000 — o W
0O NI W U1TO\
O N COWH DN\ U
N OO N0 =N Wk U1
N W U1 00O
W N O U1\O ]
=N W U1 0O

Obviously, L .., is also a Latin square of 9" order.

Use the synthesis method described in the previous section to generate the
appropriate antenna array and calculate its RP. The spatial location of the de-
signed AAs based on the matrices L,, L,, L, L ,.,, and the GURT subarray (5 x 5)
is shown in Fig. 5.5. The corresponding spatial covering frequencies of the ab-

45F ¢  a ® A ¢4 * A * A ¢ A A AA
*
* A
* A
o A . A
A * A A A
* L 4 A
A
36 3 A A 3
A A
A * A
* A
*
*
A Ad A A A
A A
A A *
27 + * . *
*
* *
A ¢ A A
¢ A
A 3
A A AA * o
. A o
A o
18+ * A A o
A A
A A
A A A A ¢ ¢
A *
A L 4
* *
A *
* % % A °
9t * A oo A
* A
* % * A
A AA X% ¢ A
000 B0 AX * A
(X F X X ] &
[ XXX I *
(XY Y X
foooo
1 1 1 1 1
0 9 18 27 36 45

Fig. 5.5. Location of coordinates of AAs: ¢ — GURT subarray (5x5),
+— (X) Y)La’ * — (X) Y)L4’ > — (Xy Y)L9’ and A — (X> Y)Lr3*3
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Fig. 5.6. Spatial frequencies covered by AAs: GURT subarray (5x5), (X, Y) ., (X, Y) , (X,
Y),,»and (X, Y) ..., along the X (a) and Y (b) axes

scissa and ordinate are shown in Fig. 5.6. The comparison results of the simula-
tion of the RP corresponding to the frequency of 25 MHz are shown in Fig. 5.7.
The corresponding AA parameters and the calculation times for these AAs are
demonstrated in Table 5.2.

The location of GURT subarray (5x5) and the AAs developed based on Latin
squares of the 3* order ((X, Y),,), 4" order ((X, Y),,), 9" order ((X, Y) ,), and the
nested matrix of the magic square of the 3* order ((X, Y). ...) is shown in Fig. 5.5.
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5.3. AA design by using Latin squares and their nested matrix

F(9) ¥ = 0°, frequency = 25 MHz

—— GURT 5 x5
e
00,
= (XY,
X Y) s

02F 114 G T —
|F Wi \ \ \-. e
0.1F i gt i !\‘ f’ L i e, R &

F(0) WV = 45°, frequency = 25 MHz

Fig. 5.7. Cross-section of the normalized RP in different planes ¥ (a — ¥ =0° b — ¥ =
=45°% ¢ — ¥ =90° d — ¥ = 135°) corresponding to the frequency of 25 MHz for
the GURT subarray 5x5 sublattice and AAs developed based on Latin squares of the 3™
(X, V),,), 4" (X, Y),,), of the 9" (X, Y) ,) orders, and the nested Latin square matrix
of the 3" order ((X, Y), ...) (See also p. 90)

Lr3*3

The spatial frequencies covered by GURT subarray (5x5) and the AAs de-
veloped based on Latin squares of the 3" order ((X, Y), ,), 4" order ((X, Y), ), 9"
order ((X,Y) ), and the nested matrix of the magic square of the 3 order
((X, Y),,,.,) are shown in Fig. 5.6.
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Table 5.2. A brief comparison of the characteristics of the GURT subarray

and non-equidistant AAs developed based on Latin squares and their nested matrix

Comparison

GURT

parameters (5%5) (X, )y, X, ¥),, (X, V), X Vs
MBW, ° 67.8867 57.3193 32.9639 7.2360 7.4181
SLL, dB -19.6258 | -10.4945 | -12.6955 | -18.7148 | -18.8833
The number of antenna
elements 25 9 16 81 81
Effective covering area, d* 25 36 100 2025 2025
Calculation time, seconds| 2.824519 | 2.427971 | 2.503327 | 6.861223 | 6.928961
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5.4. AA design by using the new Latin square, taking CDS as elements

The following points should be noted from the above simulation results:

1) AAs, constructed by using Latin squares, share common properties with
equidistant dense arrays and the AAs constructed using magic squares. How-
ever, they have a unique advantage: lower levels of side lobes and complete co-
verage of their spatial frequencies. This is a critically important aspect that
meets the requirements of radio astronomy.

2) Each column (or row) of the Latin square is an incremental arithmetic
series of continuous natural numbers, which are linear. Using a non-linear con-
struction method, the AA synthesized with the Latin square has geometric
characteristics (a fixed geometric profile). As the order of the matrix increases,
the geometric features (contour/profile) become more apparent and resemble a
“Radial form” with center in the upper left corner on the XOY plane.

3) In particular, compared to the traditional uniform GURT subarray (5% 5)
of 25 elements, the AA, constructed using a Latin square of 4™ order (16 ele-
ments in total) based on the traditional algorithm (1.8), can simultaneously
reduce the width of the main beam and lower the level of the side lobe. See
Table 5.2 and Fig. 5.7 for details.

5.4. AA design by using the new
Latin square, taking CDS as elements

This section focuses on AAs constructed by using the new Latin
square, which takes cyclic difference sets (CDSs) as its elements.

CDS — A (v, k,\) isasubset D ={d , d,, ..., d,} of integers modulo v such
that each {1,2, ..., v - 1} can be represented as the d1fference d-d ) modulo v
exactly A tlmes in various ways [29]. Some CDSs that will be ‘used below are
shown in the Table 5.3 and a more comprehensive introduction to CDS can be
found in Chapter 3.

It is worth mentioning that to date, CDS have been widely used in many
areas of research, such as applied mathematics and engineering practice. Their
unique properties and satisfactory characteristics have been highly praised. The
use of CDS in the construction of AAs has also achieved excellent results. For a

Table 5.3. Some Cyclic Difference Sets (CDSs)

Name v k A n D={d,...d}
CDS3 7 3 1 2 1,2,4
CDS4 13 4 1 3 0,1,3,9
CDS9s 19 9 4 5 1,4,5,6,7,9,11, 16, 17
CDS9m 37 9 2 7 1,7,9,10, 12, 16, 26, 33, 34
CDS9% 73 9 1 8 0,1, 12, 20, 26, 30, 33, 35, 57
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CHAPTER 5. Application of different sparse planar antenna arrays based on special matrices

one-dimensional (linear) AA, CDS’s inherent characteristics enable the creation
of excellent AAs with uniform spatial frequency and full coverage directly from
the CDS elements. This approach was pioneered by Leeper in the 1970s [14, 15].
Later, from the late 1980s, L.E. Kopilovich and L.G. Sodin continued their im-
provement and attempted to construct two-dimensional AAs using CDSs [18—21].

However, using a one-dimensional set to construct a two-dimensional AAs
often presents challenges, as it cannot ensure complete coverage of spatial fre-
quency while minimizing redundancy. The utilization of CDSs within Latin
squares for AA construction represents a significant advancement, building
upon prior research and findings in this field.

One effective way to construct a new Latin square is through permutation
group theory, which generates square matrices with specific symmetries via
permutation operations. CDS as elements of a Latin square can be considered as
carefully designed permutations that ensure that each row and column contains
all n elements without repetition. It is worth mentioning that CDS is also a key
concept in coding theory. A CDS is a specific set of integers where the difference
between any two elements, taken modulo a positive integer, is unique. This
property is highly valuable in signal processing and array design, helping re-
duce interference and enhance signal quality. For instance, in a CDS with N ele-
ments, selecting appropriate parameters allows the construction of a set with
N(N - 1) distinct nonzero differences. This enables the formation of N(N - 1)
independent beam directions in a two-dimensional antenna array, significantly
enhancing beam-forming capabilities. By designing cyclic difference sets ap-
propriately, the radiation pattern of an antenna array can be optimized to
strengthen desired signals and suppress interference.

Moreover, CDSs operate naturally in finite fields, offering mathematical ad-
vantages for antenna design. They enable the construction of sequences with
specific cross-correlation properties, which are crucial for minimizing interfe-
rence and distinguishing signals from different directions, thereby improving
radio system performance. By integrating the new Latin square with CDSs,
antenna array design can achieve higher efficiency and performance. The struc-
tured difference properties of CDSs can guide element placement in antenna
arrays, generating radiation patterns with low cross-correlation. This integra-
tion enhances signal clarity, reduces interference, and improves transmission
efficiency in communication systems.

The core concept involves substituting natural numbers with CDSs as ele-
ments in Latin squares to enhance the coverage area of the resulting AA and
optimize RP performance, ensuring maximum spatial frequency coverage.
Examples of Latin square matrices of the 3%, 4™, and 9" orders utilizing CDSs as
elements are denoted as L _,.;, L ,» Lo, a0 L, respectively. Next, we use
the traditional synthesis method described in the formula (1.8) to generate the
corresponding AAs and calculate their RPs.
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5.4. AA design by using the new Latin square, taking CDS as elements

(5.10)

CDS3

N R —
B o— N
— N W

—_
—_
—_— N O

(5.11)

CDS4 —

N RO =
—

N O =N

—

O = DN

I

U ATO — O] —
—_

U A0 — N =

—

—_ =
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— R TN \O — NN

(5.12)

CDS9s —

—_ e —
A0 — A = kWU,
—_ e —
NN\O — AN — U1
—_ = =

O — A — U1\
— AN = 1NN O
—

Al — U1 NN \O —
N— PR U A0 —

— e —
—_

12 |, (5.13)

CDS9m

1 21321
58 1 213
36 58 1 21
343658 1 2
31343658 1
27 31 34 36 58
2127 31343658 1 213
13 2127 31343658 1 2
2132127 31343658 1

CDS9b —

1
32127, (5.14)
21

where Loy, and L.y, are the Latin squares of the 4™ and 9" order, taking
{CDS4 + 1} and {CDS9b + 1} as elements, since the element 0 actually does not
contribute to the generation of the AA coordinate matrix. And for other CDSs
containing 0 elements, the same processing method is used, that is, using
{CDS + 1} as an element of the Latin square.

The location of GURT subarray (5x5) and the AAs developed based on
new Latin squares of the 3" order ((X, Y),_,,), 4™ order ((X, Y), ), and 9™ or-
der (X, V), 400 (X, Y), o> (X, Y), ) is shown in Fig. 5.8.

Lcds4
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The spatial frequencies covered by GURT subarray (5x5) and the AAs de-
veloped based on new Latin squares (taking CDS as elements) of the 3 order
((X’ Y)Lcds3)’ 4" order ((X’ Y)Lcds4)’ 9 order ((X’ Y)Lcds9s’ ((X’ Y)Lcds9m’ ((X’ Y)Lcds9b))

are shown in Fig. 5.9

Fig. 5.10 presents the simulation results of the normalized RPs of these AAs
at a frequency of 25 MHz. Table 5.4 displays the corresponding RP parameters

and design calculation times for these AAs.
From the simulation results above, several observations are evident:
1) Since a CDS of the same order has several variants, determined

by dif-

ferent moduli, the spatial frequency redundancy varies accordingly. Thus, the
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Fig. 5.10. Cross-section of the normalized RP in different planes ¥ (a — ¥ = 0° b —
¥ =45°%¢c— V¥ =90°%d— ¥ = 135°) corresponding to the frequency of 25 MHz for
the GURT subarray 5 x 5 sublattice and AAs developed based on new Latin squares (tak-
ing CDS as elements) of the 3 ((X, Y) ), 4" (X, V), ,)> and 9" (X, V) .. (X,
)1 caom (6 1), 40,)) Orders

new Latin square matrix taking CDM as elements also exhibits multiple vari-
ants, resulting in diverse spatial distributions and RP characteristics of the ge-
nerated AA.

2) Compared to the original Latin square matrix with natural numbers as
elements, the new Latin square matrix using CDS as elements demonstrates
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Table 5.4. A brief comparison of the characteristics
of the GURT subarray and non-equidistant AAs developed based
on new Latin squares (taking CDS as elements)

Comparison GURT

parafneters (5 X 5) (X’ Y)Lcds3 (X’ Y)Lcds4 (X’ Y)Lcds9s (X’ Y)Lcds9m (X’ Y)Lcds9b
MBW, © 67.8867| 47.2004| 17.0439| 4.1843| 2.1988|  1.3992
SLL, dB ~19.6258| -9.9276| -11.8085| —18.5061| —18.7253| -18.8069
The number of 25 9 16 81 81 81
antenna elements
Effective covering| 5 49 289 5776 21904 | 49729
area, d
iilg;li“on“me’ 3.039379 | 1.963207 | 2.373630 | 7.270354 | 7.191380 | 7.460928

superior properties and versatility in AA synthesis. It ensures full/almost-full
coverage of spatial frequencies over a larger area, reduces the width of the main
RP beam, and minimizes degradation in the level of side lobes of the RP.

3) Similar to the Latin squares with consecutive natural numbers as ele-
ments, when using new Latin squares (taking CDS as elements) to synthesize
AA by the traditional formula (1.8), the synthesized AA is distributed in a fan-
shaped region in the upper left corner of the XOY plane and does not fill the
entire plane. Therefore, it is necessary to explore new synthesis methods to en-
sure that the resulting AR fills the space as uniformly as possible.

5.5. AA design by using the unit triangular
matrix and Latin square triangular matrices

In linear algebra, a triangular matrix is a special square matrix
where all elements below (or above) the main diagonal are zero [30, 31]. If all
elements on the main diagonal (either above or below) of a triangular matrix
are unity, the matrix is referred to as unitriangular. Unitriangular matrices are
a subset of triangular matrices, and all unitriangular matrices are also unipo-
tent. This section considers the possibility of synthesis of AA using lower trian-
gular matrices, which behave as follows:

100---00
110---00
UniTriO(n) = 1 1 1 0 0 =tril[Ones(n)], (5.15)
111---10
111---11
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10000
n 1000

UniTriLm =" 717 L0 O], (5.16)
345010
2 54.nl

where Ones(n) means an n x n matrix of units or a matrix where each element
is equal to one [31]. The matrix (5.16) is derived by setting zero elements above
the diagonal of the Latin square (5.5).

Given the operation rules governing matrices, there are significant opportu-
nities for further improvement. If we express relation (1.8) in matrix form, then:

S N S .S S

1,1 1,2 1,3 1,n—1 1n 111...11
2,1 2,2 2,3 0t 9201 20 011...11
xS Se S e S S (001 T g gm0 (5.17)
Sn—l,l Sn—l,Z Sn—l,} e Sn—l,n—l Sn—l,n 000...11
n1 n2 n,3 n,n-1 nn 000 01
100...00 Sl,l SI,Z 81,3 Sl,n—l Sl,n
110...00 Si0 S, S S, S,
y=| P11 000 080 S S Sun Sa _puiro-s,  (5.18)
} 1 i 1 (1) Snfl,l Snfl,z Snfl,S Snfl,nfl Snfl,n
n1 n2 n,3 sn,nfl n,n

where X, Y, S, and UniTriO are n" order square matrices. Among them, X, Y,
and S represent the abscissa matrix, the ordinate matrix, and the common ma-
trix forming the magic/Latin square used, respectively. UniTriO is the lower
unitriangular matrix of the matrix of units, and the operator “T” means the
transposition of the matrix.

To further suppress interference, reduce energy losses, increase efficiency,
and minimize redundancy in AA synthesis using the Latin square, the matrix in
expressions (5.17) and (5.18) is replaced. This aims to achieve full coverage of
spatial frequencies over a larger space/area with the same number of antenna
elements.

1 23...n-1 n lnn-1...32
n 12..n-2n-1 01 n ...43
Xy =L, UniTrill =| "1 Lo 3002 100 42 8 (5.19)
3 45.. 1 00 0 ...1n
2 34... 1 1 00 0 ...01
1 00..00] [ 1 23...n-1 n
n 10...00 n 12..n-2n-1
Yy, =UniTril, L, =| "1 e Q0 i b w3 a2 (5.20)
3 45..10] | 3 45... 1 2
2 34..n1| | 2 34. 1
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Fig. 5.11. Location of coordinates of AAs: ¢ — GURT subarray (5x%5),
+— (X, V) % — X, Y, ) ¢ — (X, Y, ) and & — (X, Y,)

ri’ L4’ Tri> ~ Tri Tri> ~ Tri’ Lr3*3

100



P[D,]

X

100

—= GURT 5 x5

0 3 6 9 12 15 18 21 24 27
Covering frequency D,
P[D,]
100
50
S —— =
0 21 24 27
Coverlng frequency DY
b
P[D,]
41
(XTl’l Tn
i (XTl‘l Tr1 Lr3*3
21
‘hﬁ& Wy Mvﬁih R
0 26 52 78 104 130 156
Covering frequency D
¢

il et

0 26 52 78 104 130 156 182 208 234
Covering frequency D,

d

Fig. 5.12. Spatial frequencies covered by AAs: GURT subarray (5x5), (X, Y.)
Xy Yo X Yy ) poand X, Y. along the X (a, ¢) and Y (b, d) axes

Tri> * Tri/ L4 Tri> © Tri Tri) Lr3*3

101



CHAPTER 5. Application of different sparse planar antenna arrays based on special matrices
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where n represents the order of square matrices X, Y., denoting the abscissa
matrix and the ordinate matrix, respectively, obtained through a novel method
utilizing triangular matrices.

Here, we specifically emphasize the integration of the new method with
Latin square matrices, using L., L,, L, and L ,., as examples for illustration. The
AA constructed using this new method is distinguished by the subscript “Tri,”
contrasting with AA synthesized based on the traditional method formula (1.8).

The spatial configurations of the AA designs based on Latin square matri-
ces, using the new triangular matrix method, along with the GURT subarray
(5x5), are depicted in Fig. 5.11. Corresponding spatial frequencies along the
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Fig. 5.13. Cross-section of the normalized RP in different planes ¥ (a — ¥ =0°, b —
WV =45°%c— V¥ =90°%d— ¥ =135°) corresponding to the frequency of 25 MHz for the
GURT subarray 5 x5 sublattice and AAs developed based on a new synthesis method
(using triangular matrix), the Latin squares of the 3" (X, Y..))), 4" (X, Y,.) ), 9"

i’ Tri> ~ Tri/ L4
((X,» Y,,),) orders, and the nested Latin square matrix of the 3* order (X, Y,), ...)

abscissa and ordinate are illustrated in Fig. 5.12. Simulation results for the cross-
section of normalized RP at 25 MHz frequency are presented in Fig. 5.13. RP
parameters and calculation times for these AAs are detailed in Table 5.5.

The location of the GURT subarray (5 x 5) and the AAs developed based on
a synthesis method (triangular Latin matrix) and Latin squares of the 3™ order
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Table 5.5. A brief comparison of the characteristics of the GURT subarray
and non-equidistant AAs developed based on Latin squares
and a new synthesis method

Comparison GURT

paralr)neters (5%5) (XTri’ YTri)L3 (XTri’ YTri)L4 (XTri’ YTri)L9 (XTri’ YTri)Lr3”3
MBW), © 67.8867 21.6813 10.4697 1.3992 1.3992
SLL, dB -19.6258 -9.8433 | -11.9922 | -18.7964 | -18.6177
The number of antenna 25 9 16 81 81
elements
Effective covering area, d* 25 169 784 65025 65025
Calculation time, seconds| 2.462642 | 1.940133 | 2.251281 | 7.007086 | 6.812028

(X, Yy,),)s 4" order (X, Y. ), ), 9" order (X, Y. ), ,and the nested matrix
of the Latin square of the 3 order (X, Y..) s) is shown in Fig. 5.11.

The spatial frequencies covered by the GURT subarray (5 x5) and the AAs
developed based on a new method and Latin squares 3 (X, Y, ), ,), 4" (X, Y..), )
9" (X, Y,.),,)> and the nested matrix of the Latin square of the 3" order (X, Y. ), ...)
are shown in Fig. 5.12.

From the simulation results above, it is not difficult to see the following
points:

1) The new method (using triangular matrices) effectively extends the coverage
area of AAs synthesized based on Latin squares. It achieves this by narrowing the
main beam while maintaining a practically acceptable side lobe level compared to
AAs generated using the traditional method, as shown in formula (1.8).

2) The AAs synthesized by the new method and Latin squares maintain
complete coverage of spatial frequencies. The distribution of AA elements on
the spatial plane is non-linear and relatively uniform, which results in minimal
productivity differences with changes in the angle .

3) AAs synthesized by the new method and Latin squares demonstrate
scalability: as the matrix order increases, the number of antenna elements also
increases. This optimization of the AA structure ensures continuous coverage of
spatial frequencies. However, it's important to note that this scalability comes at
the cost of increased economic investment and thermal noise, which represent
the primary drawback.

4) The new synthesis method still offers opportunities for further enhance-
ment and innovation. One promising idea involves exploring alternative matri-
ces to optimize and improve AA synthesis. The goal is to ensure that AAs syn-
thesized with a specific number of elements achieve comprehensive and uni-
form coverage of large spatial frequencies.
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5.6. Comprehensive analysis
of AA design methods by using various
mathematical concepts

To more comprehensively analyze the above methods and
improve the research methods, here we formulate specific requirements for
comparison. Let’s determine the number of elements of the AA, which is equal
to 25, using the following methods: the magic square of the 5" order M,, the
Latin square of the 5" order L, the new Latin square of the 5™ order taking CDS
elements L___, and the upper triangular matrix of the Latin square of the 5*

CDS5
order Uni TriL,. The results are as follows:

1724 1 915
23 5 71416
M,=| 4 6132022, (5.21)
10 12 19 21 3
111825 2 9

(5.22)

~
Il

N W ks U1 —

W s U1 — N

B U1 — N W

U= DN W

— DN Wk

—_

> W N NI
——

WA NN

(5.23)

ods5

AN DN W
—
NN R WA

—
NSRS @ SN |

UniTril, = (5.24)

N W s U1 —
Wk 01— O
o= OO
u— o oo
— oo OO

The new AA synthesis method uses the formulas (5.19) and (5.20) to calcu-
late the X and Y coordinate matrices, respectively. The spatial configuration of
the designed AAs, including AAs based on the matrices M,, L,, and L
according to the old method (1.8), AAs based on L, and UniTriL, according
to the new synthesis method, as well as the GURT subarray (5x5), is shown
in Fig. 5.14.

The corresponding spatial covering frequencies along the abscissa and or-
dinate axes are displayed in Fig. 5.15. The simulation results of the normalized
RP at a frequency of 25 MHz are illustrated in Fig. 5.16. The relevant RP parame-
ters and the calculation times of these antenna arrays are presented in Table 5.6.
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Fig. 5.14. Location of coordinates of AAs: ¢ — GURT subarray (5x5),
+— & Y)MS’ * — (X, Y)LS’ *— (X Y)Lcdss’ and 4 — (XTri’ YTri)LS

The spatial frequencies covered by the GURT subarray (5x5) and the AAs
developed based on the magic square of the 5" order ((X, Y),.), the Latin square
of the 5™ order ((X, Y),,), the new Latin square (taking CDS as elements) of the
5™ order ((X, Y), ,.) and the new synthesis method (using triangular matrix)
for fifth-order Latin square ((X,,, Y, ),.), are shown in Fig. 5.15.

Based on the above results of the simulation, a comprehensive comparative
analysis is presented as follows:

1) When a specific number of AA elements is used, the width of the main
beam and the average level of the side lobes of the RP are crucial conditions for
the optimal design of the AA. Considering the law of conservation of energy,
these conditions cannot be optimized simultaneously. Reducing the width of
the main beam must be accompanied by an increase (deterioration) in the level
of the side lobes. Nevertheless, it is possible to balance these two conditions by
adjusting and changing the position of the AA elements (i.e., optimizing the AA
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Fig. 5.15. Spatial frequencies covered by AAs: GURT subarray (5x5), (X, )., (X, V),
(X, Y), 4pand (X, Y, ), along the X (a) and Y (b) axes

design). This optimization ensures that the obtained AA’s RP maintains good
side lobe levels without significant degradation while achieving the narrowest
possible width of the main beam.

2) AAs synthesized using magic squares and new Latin square matrices
taking CDS as elements cannot completely cover the entire range of spatial
frequencies. Consequently, the corresponding side lobes of the RP of the ob-
tained AAs are slightly “dirty.”
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F(0) ¥ = 0°, frequency = 25 MHz

—— GURT 5x5

- (X1,
)

F(0) WV = 45°, frequency = 25 MHz

Table 5.6. A brief comparison of the characteristics
of the GURT subarray and non-equidistant AAs,
which were developed based on old and new matrix synthesis methods

Comparison GURT

parameters (5%5) X V)5 (X, Y),, X Vs | K Vs
MBW, ° 67.8867 4.8595 21.6280 7.7957 6.1966
SLL, dB -19.6258 | -13.9877 | -14.1335 | -14.0626 | -14.0258

The number 25 25 25 25 25
Of antenna elements

Effective covering area, d 25 4225 225 1764 2500
Calculation time, seconds| 3.145462 | 2.905225 | 2.780467 | 2.852933 | 2.972460
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Fig. 5.16. Cross-section of the normalized RP in different planes ¥ (a — ¥ =0°, b —
¥ =45%¢c— ¥ =90° d — ¥ = 135°) corresponding to the frequency of 25 MHz for the
GURT subarray 5x5 sublattice and AAs developed based on the magic square of the
5" order (X, Y),,.), the Latin square of the 5" order (X, Y),.), the new Latin square (taking
CDS as elements) of the 5™ order ((X, Y), ,.) and the new synthesis method (using tri-
angular matrix) for 5 order Latin square (X, Y..),.)

3) Compared to the magic square, the spatial frequency of the AA
synthesized using the Latin square matrix is fully aligned along the X and Y axes
and also has better spatial symmetry.

4) The Latin square matrix with continuous natural numbers as elements
can provide full spatial frequency coverage. Furthermore, using its lower trian-
gular matrix for AA synthesis can expand the effective area and further distri-
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bute the AA elements on a wider scale while ensuring full spatial frequency
coverage. This arrangement makes the width of the main RP beam of the AA
narrower, and due to the “appropriate” position of the AA elements, the side
lobe levels of the RP can also be maintained without deterioration.

5.7. Conclusion

The considered new approaches to the construction of non-
equidistant sparse AAs, based on the use of mathematical constructions such as
magic squares, Latin squares (including new Latin squares taking CDSs as ele-
ments), and triangular matrices, have made it possible to obtain a number of
unique advantages over traditional AA design methods. This innovative ap-
proach enhances both the simplicity and efficiency of the design process.

Key attributes of this method include its scalability, non-linear problem-
solving capabilities, and the ability to incorporate multidimensional constraints.
By transforming complex non-linear optimization problems into simpler, linear
matrix operations, this method provides a robust framework for a sparse AA
design procedure that can be expanded and adapted as needed.

Particularly, compared to equidistant AAs (such as the GURT subarray),
the superiority and usability of the sparse AA, constructed based on the matrix
new method, are proven to a certain extent. Its combination of simplicity, effi-
ciency, scalability, and adaptability makes it a powerful tool for meeting current
and future AA design challenges. By transforming complex non-linear prob-
lems into manageable matrix modules and matrix operations, this approach not
only improves design results but also broadens the accessibility and variety of
complex AA design techniques.



CONCLUSIONS

The monograph addresses general issues related to the synthesis
and design of non-quidistant sparse antenna arrays (AAs), high-
lighting their advantages, key parameters, and methods for syn-
thesizing arrays. It introduces an algorithm for calculating the
coordinates of elements in various two-dimensional non-equi-
distant (sparse planar) AAs using special matrix squares such as
the Latin square, magic square, triangular square, unit matrix,
etc. The radiation patterns (RPs), spatial covering frequencies,
main RP beam width, and RP sidelobe levels of AAs, constructed
using various special squares/matrices, are evaluated.

The main results obtained are as follows:

1) For the first time, the construction of non-equidistant
AAs based on Latin squares is proposed. The AA coordinates are
calculated using the same algorithm as for AAs based on magic
squares, utilizing the values of the Latin square elements. This
algorithm uses the generator matrix values to form an interfero-
meter with neighboring elements. The study of directional pat-
terns and sidelobe levels indicates that the synthesized AAs pro-
vide full spatial frequency coverage within the component
placement area, albeit with significant redundancy. While this
redundancy does not affect the main lobe width, it can reduce
the fill and redundancy factors significantly, albeit with an in-
crease in the average sidelobe level. The possibility of synthesi-
zing large AAs using nested Latin squares is demonstrated, and
properties of the lattices obtained using additive and multiplica-
tive displacement and rotation parameters are explored. The re-
sults suggest that mutual rotation of individual layers within a
synthetic lattice can enhance its properties. This method offers
new opportunities for creating non-equidistant AAs with low fill
and redundancy factors and acceptable sidelobe levels, outper-
forming currently used two-dimensional lattices based on cyclic
difference sets (CDS). Additionally, combining a magic square
with an additive shift of elements to the Latin square yields op-
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timal properties, forming new Latin squares through rotation (transposition)
operations.

2) A novel method of using a new CDS Latin square matrix (taking CDS as
elements) for constructing sparse AAs is introduced. The AA’s coordinates are
calculated similarly to those in magic-square-based AAs. The values of the gene-
rative matrix serve as a basis for an interferometer/AA formed by neighboring
elements. The resulting AAs almost completely cover the spatial frequency of
the effective area with minimal redundancy. The RP (especially, the sidelobe
levels and main beam width) of non-equidistant AAs is analyzed, demonstra-
ting that the AAs based on Latin squares taking CDS as elements have superior
characteristics compared to those created by L.E. Kopilovich and those based
on nested Latin squares using magic squares as submatrices. This method opens
new possibilities for creating non-equidistant AAs with small filling and redun-
dancy factors with acceptable RP sidelobe levels, surpassing previous Kopilov-
ich-CDS AAs, which are designed based solely on CDSs. The algorithm allows
for flexible adjustment of design parameters (v, k, 1), meeting practical needs
more effectively. This synthesis method is applicable in low-frequency radio
telescopes.

3) A new direct and efficient method for generating sparse AAs based on
Latin squares and their triangular matrices is proposed. This method ensures
tull spatial frequency coverage, reduces AA’s redundancy, and minimizes the
number of AA’s elements without excessively compromising sidelobe control.
The synthesized array features a very narrow RP main beam and low sidelobe
levels, making it multifunctional and adaptable for various applications. Such
two-dimensional non-equidistant AAs with low redundancy are suitable for ra-
dar, communication, radio astronomy, radiotherapy, remote sensing, automo-
tive, biomedical imaging, navigation, and other fields. When the number of
AA’s elements synthesized using this method is sufficiently large, the array
maintains a fixed geometric form, exhibiting consistent properties when the
number of antenna elements is scaled.

4) Utilizing the Latin square and its triangular matrix for AA design,
compared to uniform AAs at an operating frequency of 25 MHz, achieves near-
ly complete spatial frequency coverage within the effective area (where antenna
components are located) with a low fill factor. This significantly reduces side-
lobes and improves spatial frequency coverage without additional components,
achieving full spatial frequency coverage.

In particular, based on new methods of constructing a two-dimensional
non-equidistant (sparse planar) AA using mathematical constructions such as
magic squares and Latin squares (including new Latin squares taking CDS as
elements), many unique properties can be obtained, including:

1) Simplicity and Efficiency. The novel approach to constructing two-
dimensional non-equidistant (sparse planar) AAs using mathematical con-
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structs such as magic squares and Latin squares, including new Latin squares
taking CDS as elements, offers significant advantages. It circumvents the
multidimensional complexity and non-linearity typical of traditional AA opti-
mization methods by leveraging fundamental mathematical concepts such as
matrix multiplication, nesting, and element generation. This results in a straight-
forward and efficient method for developing sparse AAs.

2) Regularity and Scalability. The mathematical foundations used (magic
squares, Latin squares, CDS, triangular matrices) facilitate scalability with in-
creasing matrix order. By systematically increasing the matrix order, the synthe-
sized AAs can achieve considerable size while maintaining regularity and pre-
dictability in their design.

3) Non-linearity and Multidimensionality. The approach to AA design
through these mathematical constructs represents a nonlinear method employ-
ing linear forms (matrices). Although matrices are conventionally used for solv-
ing linear equations, here they play a crucial role in generating and evolving AA
coordinate matrices of varying sizes. This approach supports multidimensional
constraints, where different matrices can encode various constraints affecting
the obtained AA coordinate matrix through matrix multiplication.

4) New Perspective and Future Directions. This method introduces a new
perspective for AA design, distinct from traditional approaches, and offers
promising directions for future research. It establishes a clear foundation with
transparent levels of complexity. By expressing nonlinear challenges in a simpli-
fied linear form using matrices, the method exhibits robust scalability and
adaptability. Future advancements may involve integrating, modifying, or sub-
stituting additional mathematical concepts to further optimizing AA design. As
the number and complexity of designed AAs grow, comprehensive studies on
the characteristics and geometric properties of sparse AAs can establish a ro-
bust knowledge base for systematic AA classification.
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LIST OF ABBREVIATIONS
AND ACRONYMS

AA
AM
AFT
CDS
IRE

KhNU

MBW

antenna array

amplitude modulation

adaptive Fourier transform

cyclic difference sets

Institute of Radiophysics and Electronics
V.N. Karazin Kharkiv National University
main beam width of the AA RP

radiation pattern

radar stations

the average level of the side lobes of the AA RP
sparse antenna array

uniformed antenna array

windowed Fourier transform

MBW

— the half-power width of the main beam of the AA RP

SLL

the AA filling factor

the AA redundancy coeflicient

the number of lattice elements

the number of nodes of equidistant grids in which they
can be located



Y monorpadii npencTaBieHi iHHOBaIiiHI METOAM KOHCTPYIOBAaHHS JBOBMMIPHUX He-
eKBi/JICTAaHTHUX aHTeHHUX pewriToK (AP), 0co6MMBO IIpU3HAYEHNUX [T pafiiOTeNnecKo-
1B, 1J0 NPaL0I0Th y Aiana3oHi 8 —80 MILy. 3anponoHoBaHO NpAMi Ta MPOCTi TeXHIKM,
3 aKIleHTOM Ha KOH(Irypaljisfix, 3aCHOBaHVX Ha JJATMHCHKUX KBafipaTax Ta iXHiX TpUKyT-
HUX MaTpuisix. Lli MeTonyn 3abe3nedyioTh HOBHE IOKPUTTS IIPOCTOPOBIUX YACTOT i3 BU-
COKMM CTyIIeHeM PO3pPiIKeHHs Ta MiHIMaIbHUM OiYHMM BUIIpOMiHIOBaHHAM. OCHOBHI
BHECK! BK/IIOYAIOTD Ieplile BUKOPUCTAHHSA JIATMHCBKOIO KBajipaTa B KOHCTPYKLii AP,
IiOHepHe MO€IHAHHA UMPKY/IAPHNX JudepeHLiaIbHIX Ha0OPiB i TATMHCHKUX KBaapa-
TiB JI/I1 IVTAHAPHUX PO3Pi/PKEHNX PEUIiTOK, a TAKOXK iHTerpanilo JaTMHCbKUX KBaJPaTiB
1 IXHIX HVDKHIX TPUKYTHUX MaTpPULb Y IVNTAHAPHOMY PO3PiflI>KeHOMY MaclBi. 3aIIpOIIOHO-
BaHa MaTPUYHA METOAMKa € epeKTUBHIIIOK Ta MPsAMIIIO0 3a TPaULilHI iTepawiiiHi Ta
ONTUMI3allifiHI NiTXOAM Ha OCHOBI BUJa/leHHS eJIeMEHTIB.

I HaykoBLB i haxiBIiB, AKi 3a/IMaIOTHCST PO3POOKOIO METO/IB 1 TeXHOMOTIII fyC-
TaHIITHOTO 30HAYBAHHS 3a JOIIOMOTOI0 BUIIPOMiHIOBAaHHS Ha3eMHMX i KOCMIYHMX pajiio-
TeXHIYHMX cucreM. BoHa 6ye KOpUCHOIO CTyfleHTaM i BUK/Iafadam y ranysi pajgiodisnu-
K11, aJpKe IIPOIIOHY€E KOMITJIEKCHMII IifIXiJ Mo KOHCTpytoBaHHA AP, 1110 MoKe cipuATH AK
aKaJIeMiYHUM JOCITIIPKEHHAM, TaK i IPAaKTUYHMM 3aCTOCYBAaHHAM Y PajioacTpOHOMIl.
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